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tion, as evidenced by the 76 figures based on quantitatively correct illustrative
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To Luke, Emma, and Jacob.



Every valley shall be exalted, and every mountain and hill shall be
made low: and the crooked shall be made straight, and the rough
places plain.

Isaiah 40:4
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Preface

In the autumn of 1978, Peter Henrici took leave from the ETH in Zurich to visit
the Numerical Analysis Group at Stanford University. The second author, then
a graduate student, asked Henrici if he might propose a project in the area of
computational complex analysis. Henrici’s suggestion was, why don’t you see
what you can do with the Schwarz–Christoffel transformation?

For months thereafter LNT spent all of every weekend working on SC
mapping at the computer terminals of the Stanford Linear Accelerator Center.
This brief but intense project led to one of the first technical reports ever printed
in TEX, which was published in the first issue of theSIAM Journal on Scientific
and Statistical Computing; to the FORTRAN package SCPACK; and to a last-
ing love of numerical conformal mapping. In the following years it led further
to extensions and applications of SC ideas carried out in collaboration with var-
ious people, including Alan Elcrat andFrédéric Dias on free-streamline flows,
Ruth Williams on oblique derivative problems, and Louis Howell on modified
formulas for elongated regions.

By the early 1990s, LNT was a faculty member at Cornell University and
the first author was a graduate student. We worked together on a number of
topics from hydrodynamic stability to “Can one hear the shape of a drum?”
but the subject we kept coming back to was Schwarz–Christoffel mapping.
Once again it started with a brief suggestion. MATLAB graphics had become
widespread, and LNT proposed to TAD, why not convert SCPACK to an inter-
active MATLAB package? The resulting SC Toolbox was even more fun than
we had imagined. We quickly became accustomed to drawing a polygon with
a mouse, clicking a button, and seeing in seconds a plot of a conformal map
correct to eight digits. TheSCToolboxwas one of the earliest advanced applica-
tions built around aMATLAB graphical user interface. It matured asMATLAB
did, quickly eclipsing SCPACK by surpassing it not just in convenience

xv
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but also in capabilities and numerical power. (The second author insists on
adding that a parallel development occurred as TAD quickly overtook LNT in
his knowledge of Schwarz–Christoffel mapping.)

Mathematically, the subject continued to grow. Others such as Henrici
(before his death in 1986), D¨appen, and Floryan and Zemach had made im-
portant contributions. A new collaborator was Steve Vavasis, who together
with TAD developed the CRDT algorithm. Based on Delaunay triangulation
and Möbius transformations, it is very different from other methods in concept
and largely immune to the problems of exponential crowding. Applications to
large-scale nonsymmetric matrix iterations were pursued in collaboration with
Kim-ChuanToh. Applications to the computation ofGreen’s functions and their
uses in approximation theory and digital filtering were developed with Mark
Embree. We came to realize that although experts in complex analysis had a
depth of theoretical understanding that we couldnot match, we had accumu-
lated an experience of the practical side of SC problems, and of the range of
their variations and applications, that was unique.

The result is this book. Our style is concise, covering more material than
might be expected in the small number of pages. For nearly every topic we
have included a number of computer-generated figures, all of which are not just
schematic but quantitatively correct. We hope that these figures will quickly tell
the readerwhatone can do with these methods—always with high speed and
accuracy—and that careful reading if desired will reveal the details ofhow. To
assist in this latter purpose, an appendix gives short MATLAB scripts showing
how to generate some of our figures with the help of the SC Toolbox.

We thank those whose comments and contributions improved this book.
Endre S¨uli and Markus Melenk helped us link the one-half quadrature rule
with mesh refinement in finite elements; Lehel Banjai conducted experiments
regarding the refinement ratio. Tom DeLillo, Alan Elcrat, and John Pfaltzgraff
shared an advance copy of their work on doubly connected maps and thereby
sparked our discussion in section 4.9. Louis Howell generously created the
data for the circular-arc mappings in Figure 4.24. Martin Gutknecht and Dieter
Gaier shared many discussions of conformal mapping with the second author
over the years. For inspiration, we are grateful to Peter Henrici, who in many
ways is the person most responsible for this book.



1
Introduction

1.1 The Schwarz–Christoffel idea

The idea behind the Schwarz–Christoffel (SC) transformation and its variations
is that a conformal transformationf mayhave a derivative that can be expressed
as

f ′ =
∏

fk (1.1)

for certain canonical functionsfk. A surprising variety of conformal maps can
be fitted into this basic framework. In fact, virtually all conformal transforma-
tions whose analytic forms are known are Schwarz–Christoffel maps, albeit
sometimes disguised by an additional change of variables.

Geometrically speaking, the significance of (1.1) is that

arg f ′ =
∑

arg fk.

In the classical transformation, each argfk is designed to be a step function, so
the resulting argf ′ is piecewise constant with specific jumps (i.e.,f maps the
real axis onto a polygon). To be specific, letP be the region in the complex
planeC bounded by a polygon� with verticesw1, . . . ,wn, given in counter-
clockwise order, and interior anglesα1π, . . . , αnπ . For now, we assume thatP
is bounded and without cusps or slits, so thatαk ∈ (0,2) for eachk. Let f be
a conformal map of the upper half-planeH+ontoP, and letzk = f −1(wk) be
thekth prevertex.1 We shall assumezn = ∞ without loss of generality, for if
infinity is not already a prevertex, we can simply introduce its image (which lies

1 The Carath´eodory–Osgood theorem [Hen74] guarantees a continuous extension off to the
boundary. Hence the prevertices are well defined.

1
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f

z1

z2

z3 z4
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z7 = ∞

w1w2

w3 w4

w5w6

w7

α1π

Figure 1.1.Notational conventions for the Schwarz–Christoffel transformation. In this
case,z1 andz2 aremathematically distinct but graphically difficult to distinguish.Aswith
all figures in this book, everything shown is not just schematic but also quantitatively
correct.

on�) as a new vertex with interior angleπ . The other preverticesz1, . . . , zn−1

are real. Figure 1.1 illustrates these definitions.
As with all conformal maps, the main effort is in getting the boundary right.

By the Schwarz reflection principle, which was invented for this purpose,f can
be analytically continued across the segment(zk, zk+1). In particular, f ′ exists
on this segment, and we see that argf ′ must be constant there. Furthermore,
arg f ′ must undergo a specific jump atz = zk, namely

[
arg f ′(z)

]z+
k

z−
k

= (1− αk)π = βkπ. (1.2)

The angleβkπ is theturning angle at vertexk. We now identify a functionfk
that is analytic inH+, satisfies (1.2), and otherwise has argfk constant onR:

fk = (z− zk)
−βk . (1.3)

Any branch consistent withH+ will work; to be definite, we pick the branch
with fk(z) > 0 if z > zk onR. The action offk on the real line is sketched in
Figure 1.2.

The preceding argument suggests the form

f ′(z) = C
n−1∏
k=1

fk(z)

for some constantC. We will prove the following fundamental theorem of
Schwarz–Christoffel mapping in section 2.2.
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zk

βk < 0

βk > 0
βkπ

−βkπ

Figure 1.2.Action of a term (1.3) in the SC product. In either case, the argument of the
image jumps byβkπ at zk.

Theorem 1.1. Let P be the interior of a polygon� having verticesw1, . . . ,wn

and interior anglesα1π , . . . , αnπ in counterclockwise order. Let f be any
conformal map from the upper half-plane H+ to P with f(∞) = wn. Then

f (z) = A+ C
∫ z n−1∏

k=1

(ζ − zk)
αk−1 dζ (1.4)

for some complex constants A and C, wherewk = f (zk) for k = 1, . . . , n− 1.

The lower integration limit is left unspecified, as it affects only the value ofA.
The formula also applies to polygons that have slits (α = 2) or vertices

at infinity (−2≤ α ≤ 0). Indeed, arbitrary real exponents can meaningfully
appear in (1.4), although the resulting region may overlap itself and not be
bounded by a polygon in the usual sense of the term; see section 4.7.

Formula (1.4) can be adapted to maps from different regions (such as the
unit disk), to exterior maps, to maps with branch points, to doubly connected
regions, to regions bounded by circular arcs, and even to piecewise analytic
boundaries. These and other variations are the subject of Chapter 4.

But there is a major difficulty we have not yet mentioned: without knowl-
edge of the preverticeszk, we cannot use (1.4) to compute values of the map.
In view of how we arrived at (1.4), the imagef (R ∪ {∞}) of the extended
real line will necessarily besomepolygon whose interior angles match those
of P, no matter what real values ofzk are used; that much is forced by the
parametersαk. (Here we are broadening the usual idea of “polygon” to allow
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Γ f
(
R ∪ {∞})

Figure 1.3.The effect of prevertices on side lengths. The region on the left is the “target,”
whereas the region on the right illustratesthe type of distortion thatmay occur if the
prevertices are chosen incorrectly.

self-intersections.) The prevertices, however, influence the side lengths of
f (R ∪ {∞}), as illustrated in Figure 1.3. Determining their correct values for a
given polygon is the Schwarz–Christoffelparameter problem, and its solution
is the first step in using the SC formula.2 In sections 2.3–2.5 we will consider
some of the classical cases for which the parameter problem can be solved
explicitly.

In the majority of practical problems, there is no analytic solution for the
prevertices, which depend nonlinearly on the side lengths of�. Numerical
computation is also usually needed to evaluatethe integral in (1.4) and to invert
the map. Thus, much of the potential of SC mapping went unrealized until
computers became readily available in the last quarter of the twentieth century.
Numerical issues are discussed in Chapter 3.

1.2 History

The roots of conformal mapping lie early in the nineteenth century. Gauss con-
sidered such problems in the 1820s. The Riemann mapping theorem was first
stated in Riemann’s celebrated doctoral dissertation of 1851: any simply con-
nected region in the complex plane can be conformally mapped onto any other,
provided that neither is the entire plane.3 The Schwarz–Christoffel formula was
discovered soon afterwards, independently by Christoffel in 1867 and Schwarz
in 1869.

2 Sometimes the constantsA andC are included as unknowns in the parameter problem. However,
they can be found easily once the prevertices are known, for they just describe a scaling, rotation,
and translation of the image.

3 Riemann’s proof, based on the Dirichlet principle, was later pointed out by Weierstrass to be
incomplete. Rigorous proofs did not appear until the work of Koebe, Osgood, Carath´eodory, and
Hilbert early in the twentieth century.
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Elwin Bruno Christoffel (1829–1900) was born in the German town of
Montjoie (now Monschau) and was studying mathematics in Berlin under
Dirichlet and others when Riemann’s dissertation appeared.4 Christoffel com-
pleted his doctoral degree in 1856 and in 1862 succeeded Dedekind as a pro-
fessor of mathematics at the Swiss Federal Institute of Technology in Zurich.
It was in Zurich that he published the first paper on the Schwarz–Christoffel
formula, with the Italian title, “Sul problema delle temperature stazonarie e la
rappresentazione di una data superficie” [Chr67]. Christoffel’s motivation was
the problem of heat conduction, which he approached by means of the Green’s
function. This paper presented the discovery that, in the case of a polygonal
domain, theGreen’s functioncould be obtained via a conformal map from the
half-plane, as in (1.4). In subsequent papers he extended these ideas to exteriors
of polygons and to curved boundaries [Chr70a, Chr70b, Chr71].

Hermann Amandus Schwarz (1843–1921) grew up nearly a generation after
Christoffel but also verymuch under the influence of Riemann. In the late 1860s
he was living in Halle, where his discovery of the Schwarz–Christoffel formula
apparently came independently of Christoffel’s. His three papers on the subject
[Sch69a, Sch69b, Sch90] cover much of the same territory as Christoffel’s, in-
cluding the generalizations to curved boundaries (section 4.11) and to circular
polygons (section 4.10), but the emphasis is quite different—more numerical
and more concerned with particular cases such as triangles in [Sch69b] and
quadrilaterals in [Sch69a].5 Schwarz even published the world’s first plot of a
Schwarz–Christoffelmap, reproduced inFigure 1.4. Schwarz’s papers included
his famous reflection principle: if an analytic functionf , extended continu-
ously to a straight or circular boundary arc, maps the boundary arc to another
straight or circular arc, thenf can be analytically continued across the arc by
reflection.

In 1869 Christoffel moved briefly to the Gewerbeakademie in Berlin, and
Schwarz succeeded him in Zurich. By this time the two were well aware of
each other’swork; the phraseSchwarz–Christoffel transformationis nownearly
universal (although the order of the names is reversed in some of the literature
of the former Soviet Union).

In the 130 years since its discovery, theSchwarz–Christoffel formula has had
an extensive impact in theoretical complex analysis, especially as a constructive

4 For extensive biographical information on Christoffel, the reader is referred to the sesquicen-
tennial volume [BF81], particularly Pfluger’s paper therein on Christoffel’s work on the SC
formula.

5 Schwarz also credits Weierstrass for proving the existence of a solution for the unknown para-
meters (which Schwarz proved forn = 4) in the general case.



6 1. Introduction

Figure1.4.Schwarz’s 1869plot ofthe conformalmapof a squareontoadisk, reproduced
from [Sch69b].

tool for proving the Riemannmapping theorem and related results. Its practical
implementation—the main subject of this book—lagged far behind. Schwarz
himself was the first to point out the importance of the parameter problem (dis-
cussed in the preceding section). Thisproblem limited practical use to simple
special cases, until the invention of computers.

Algorithmic discussions of the computation of Schwarz–Christoffel maps to
prescribed polygons appear in several books, including those of Kantorovich
and Krylov [KK64] andGaier [Gai64]. Algorithms and in some cases computer
programs have also appeared in numerous technical articles over the years, but
in most of the earlier cases the authors were unaware of each other’s work, and
the quality of the result was wanting. Crucial issues that were often neglected
includedefficient evaluation of theSC integral and the need to imposenecessary
ordering conditions on the prevertices while solving the parameter problem.
Themost generally applicable computer programs for the classical problem are
those of Trefethen [Tre80] (SCPACK) and Driscoll [Dri96] (SC Toolbox). The
former was developedaround 1980, and the latter began development in 1993.
Both have been widely disseminated in the public domain.

Here is a list, more or less chronological, of contributors to constructive SC
mapping of whom we are aware.

Gauss(1820s): Idea of conformal mapping
Riemann (1851): Riemann mapping theorem
Christoffel [Chr67, Chr70a, Chr70b, Chr71]: Discovery of SC formula and
variants

Schwarz[Sch69a, Sch69b, Sch90]: Discovery of SC formula and variants
Kantorovich & Krylov [KK64] (first published 1936)
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Polozkii (1955)
Filchakov ([Fil61], 1968, 1969, 1975)
Binns [Bin61, Bin62, Bin64]
Pisacane & Malvern [PM63]
Savenkov(1963, 1964)
Gaier [Gai64]: Book on numerical conformal mapping
Haeusler(1966)
Lawrenson & Gupta [LG68]: Adaptive quadrature,equations solver for
parameters

Beigel(1969)
Hoffman (1971, 1974)
Gaier [Gai72]: “Crowding” phenomenon
Howe [How73]
Vecheslavov, Tolstobrova & Kokoulin [VT73, VK74]: Doubly connected
regions

Foster & Anderson [FA74, And75]
Cherednichenko & Zhelankina [CZ75]
Squire [Squ75]
Meyer [Mey79]: Comparison of algorithms
Nicolaide [Nic77]
Prochazka[HP78, Pro83]: FORTRAN package KABBAV
Davis et al.[Dav79, ADHE82, SD85]: Curved boundaries
Hopkins & Roberts [HR79]: Solution by Kufarev’s method
Reppe[Rep79]: First fully robust algorithm
Binns, Rees & Kahan[BRK79]
Volkov [Vol79, Vol87, Vol88]
Trefethen [Tre80, Tre84, Tre89, Tre93]: Robust algorithm, SCPACK, general-
ized parameter problems

Brown [Bro81]
Tozoni [Toz83]
Hoekstra (1983, [Hoe86]): Curved boundaries, doubly connected regions
Sridhar & Davis [SD85]: Strip maps
Floryan & Zemach [Flo85, Flo86, FZ87]: Channel flows, periodic regions
Bjørstad & Grosse [BG87]: Software for circular-arc polygons
Dias, Elcrat & Trefethen [ET86, DET87, DE92]: Free-streamline flows
Däppen[Däp87, Däp88]: Doubly connected regions
Costamagna([Cos87, Cos01]): Applications in electricity and magnetism
Howell & Trefethen [How90, HT90, How93, How94]: Integration methods,
elongated regions, circular-arc polygons

Pearce[Pea91]: Gearlike domains
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Chaudhry [Cha92, CS92]: Piecewise smooth boundaries
Gutlyanskii & Zaidan [GZ94]: Kufarev’s method
Driscoll [Dri96]: SC Toolbox for MATLAB
Hu [Hu95,Hu98]:Doubly connected regions (FORTRANpackageDSCPACK)
Driscoll & Vavasis [DV98]: CRDT algorithm based on cross-ratios
Jamili (1999): Doubly connected regions

For more background information on conformal mapping in general and
Schwarz–Christoffel mapping in particular, see [AF97, BF81, Hen74, Neh52,
SL91, TD98, vS59, Wal64].



2
Essentials of Schwarz–Christoffel mapping

2.1 Polygons

For the rest of this book, a (generalized)polygon� is defined by a collection of
verticesw1, . . . ,wn and real interior anglesα1π , . . . , αnπ . It is convenient for
indexing purposes to definewn+1 = w1 andw0 = wn. The vertices, which lie
in the extended complex planeC ∪ {∞}, are given in counterclockwise order
with respect to the interior of the polygon (i.e., locally the polygon is “to the
left” as one traverses the side fromwk towk+1).
The interior angle at vertexk is defined as the angle swept from the outgoing

side atwk to the incoming side. If|wk| < ∞, we haveαk ∈ (0,2]. If αk = 2,
the sides incident onwk are collinear, andwk is the tip of a slit. The definition
of the interior angle is applied on the Riemann sphere ifwk = ∞. In this case,
αk ∈ [−2,0]. SeeFigure2.1. Specifyingαk is redundant ifwk and its neighbors
are finite, but otherwiseαk is needed to determine the polygon uniquely.
In addition to the preceding restrictions on the anglesαk, we require that the

polygon make a total turn of 2π. That is,

n∑
k=1

(1− αk) = 2, (2.1)

or, equivalently,

n∑
k=1

αk = n− 2.

We shall also, unless explicitly stated otherwise, require the polygon to be
simple (forbid it from intersecting itself and thus covering part of the plane
more than once). This condition has no elementary expression in terms of the

9
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α = 0

α = − 1
2

α = −1

α = − 3
2

α = −2

Figure 2.1.Examples of interior angles corresponding to a vertex at infinity.

vertices and angles—in a sense, it is artificial. We may occasionally use the
termpolygonto refer to a region bounded by a polygon. Context should keep
the meaning clear.

2.2 The Schwarz–Christoffel formula

We now complete the proof of the half-plane formula of Theorem 1.1.

Theorem 2.1.Let P be the interior of a polygon� having verticesw1, . . . ,wn

and interior anglesα1π , . . . , αnπ in counterclockwise order. Let f be any
conformal map from the upper half-plane H+ to P with f(∞) = wn. Then

Schwarz–Christoffel formula for a half-plane

f (z) = A+ C
∫ z n−1∏

k=1
(ζ − zk)

αk−1 dζ (2.2)

for some complex constants A and C, wherewk = f (zk) for k = 1, . . . , n− 1.

Proof. For simplicity, we treat just the case where all prevertices are finite and
the product ranges over indices 1 ton. By the Schwarz reflection principle, the
mapping functionf can be analytically continued into the lower half-plane; the
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imagecontinues into the reflectionofP about oneof the sidesof�. By reflecting
again about a side of the new polygon, we can return analytically to the upper
half-plane. The same can be done for any even number of reflections ofP, each
time creating a new branch off . The image of each branchmust be a translated
and rotated copy ofP. Now, if A andC are any complex constants, then

(A+ C f (z))′′

(A+ C f (z))′
= f ′′(z)

f ′(z)
.

Therefore, the functionf ′′/ f ′ can be defined by continuation as a single-valued
analytic function everywhere in the closure ofH+, except at the prevertices of�

(where derivatives may fail to exist). Similarly, considering odd numbers of re-
flections, we see thatf ′′/ f ′ is single-valued and analytic in the lower half-plane
as well.
We argued in the introduction that at a prevertexzk,

f ′(z) = (z− zk)
αk−1ψ(z)

for a functionψ(z) analytic in a neighborhood ofzk. Therefore,f ′′/ f ′ has a
simple pole atzk with residueαk − 1, and

f ′′(z)
f ′(z)

−
n∑

k=1

αk − 1

z− zk
(2.3)

isanentire function.Becauseall thepreverticesarefinite,f is analyticatz= ∞,
and a Laurent expansion there implies thatf ′′(z)/ f ′(z) → 0 asz→ ∞. By
Liouville’s theorem, it follows that the expression in (2.3) is identically zero.
Expressingf ′′/ f ′ as(log f ′)′ and integrating twice results in (2.2). �


An equally important version of the formula applies to the conformal map
from the unit diskE.

Theorem 2.2.Let P be the interior of a polygon� having verticesw1, . . . ,wn

and interior anglesα1π , . . . , αnπ in counterclockwise order. Let f be any
conformal map from the unit disk E to P. Then

Schwarz–Christoffel formula for a disk

f (z) = A+ C
∫ z n∏

k=1

(
1− ζ

zk

)αk−1
dζ (2.4)

for some complex constants A and C, wherewk = f(zk) for k = 1, . . . , n.
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This variation can be derived from the basic SC principle; see section 4.1.
The only substantive difference between (2.2) and (2.4) is that the product runs
over alln prevertices in the latter case. The form of the integrand appears to be
slightly different, but in fact it is a constant multiple of the original form. The
reason for the change is so that the branch cuts of the integrand will point away
from the origin if the principal branch of the logarithm is used to compute them.
(Mistakes in branch cuts are a common pitfall in numerical conformalmapping,
and writing a form that respects the “standard” cut is helpful in avoiding later
trouble.)

2.3 Polygons with one or two vertices

As was pointed out in section 1.1, the SC formulas are only quasi-explicit. We
must determine the preverticeszk and affine constantsA andC before we can
compute point values of the map. There is some flexibility in the selection of
these parameters. By theRiemannmapping theorem (or by consideringM¨obius
self-maps of the upper half-plane), we can choose anythree points onR ∪ {∞}
to map to any three points of�, as long as their ordering is preserved. In
other words, there are three degrees of freedom in the map, and that allows us
to choose three prevertices arbitrarily. Hence ifn ≤ 3, there is no parameter
problem to solve, and the SC formula becomes explicit.
The only polygon withn = 1 is a line, with vertexw1 = ∞ andα1 = −1.

Applying the half-plane formula (2.2) yields

f (z) = A+ Cz, (2.5)

which allows for scaling, rotation, and translation. The disk map formula (2.4)
leads to

f (z) = A+ C
∫ z

(ζ − z1)
−2 dζ = A+ C

z− z1
. (2.6)

(The constantC is generic and automatically absorbs constant factors such as
−1.) This confirms that any map from the disk to a half-plane is a M¨obius
transformation. There are two degrees of freedom still unspecified; one way
to pin them down is to designate the image of zero, or theconformal center.
Figure 2.2 shows an example.
If n = 2, then by (2.1) we haveα1 + α2 = 0, so eitherα1 = α2 = 0 orα1 =

−α2 �= 0. In the first case, both vertices areat infinity and the regionP is a
strip. For the map from the half-planeH+,

f (z) = A+ C
∫ z

(ζ − z1)
−1 dζ = A+ C log(z− z1), (2.7)



2.3 Polygons with one or two vertices 13

f

Figure 2.2.Map (2.6) from the disk to a half-plane (n = 1).

.

which is illustrated in Figure 2.3. The formula for the map from the diskE is

f (z) = A+ C
∫ z

(ζ − z1)
−1(ζ − z2)

−1 dζ

= A+ C
∫ z(

1

ζ − z1
− 1

ζ − z2

)
dζ

= A+ C log

(
z− z1
z− z2

)
, (2.8)

and the result is shown in Figure 2.4.
By symmetry, the upper half of Figure 2.4 represents themap from the upper

half-disk to a strip of half the original width. The map in the lower half-disk
is simply a reflection about the real axis. If we reflect instead about the upper
half-circle, the result, shown in Figure 2.5, is another sort of map fromH+ to
the strip. The difference from Figure 2.3 is that both ends of the strip have finite
preimages.(That equation (2.8) should describe themap from eitherH+ orE is

f

z1

Figure 2.3.Map (2.7) from the upper half-plane to a strip (n = 2).
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f

z1z2

Figure 2.4.Map (2.8) from a disk to a strip withz1 = 1, z2 = −1 (n = 2).

not surprising, because theSC formulas are the same ifzn �= ∞ in the half-plane
case.) By further reflections we can obtain still more maps, such as one from
the doubly slit plane shown in Figure 2.6. Subsets of this region, such as those
shown in Figure 2.7, can also be mapped using just the disk formula (2.8). As
we shall see in section 4.6 and elsewhere, reflection and subdivision are general
tools that extend the applicability of Schwarz–Christoffel mapping.
In the casen = 2 with α1 = −α2 �= 0, one vertex is finite and the other is

infinite. Withoutloss of generality, supposew2 = ∞. The regionP is a wedge
whose vertex isw1. The half-plane map defined by (2.2) is

f (z) = A+ C
∫ z

(ζ − z1)
α1−1 dζ

= A+ C(z− z1)
α1, (2.9)

which is just a recovery of the fundamental SC building block. The map is
shown in Figure 2.8 for two values ofα1. Observe the qualitatively different

f

z1z2

Figure 2.5.Use of (2.8) to map the upper half-plane to a strip whose ends are the images
of −1 and 1.
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f

z1z2

AA BB

CC DD

A′
A′

B′
B′

C′
C′

D′
D′

Figure 2.6.Reflection pattern for a map from a doubly slit plane to a strip using (2.8).

behavior forα1 < 1 andα1 > 1. The difference in these cases is inf ′, which is
infinite or zero, respectively, atz1. This difference causes the grid lines either to
avoid the corner or to crowd there. The caseα1<1 is sometimes called asalient
or convex corner ofP, while α1>1 is called areentrant or concave corner.
This distinction playsan important role in elliptic partial differential equations
and their corresponding physical applications. For example, lightning tends to
strike sharply pointedobjects, andsolids tend to fracture fromcracksoriginating
at sharp corners. The stress concentration suggestedby the reentrant case in
Figure 2.8 explains why ship portholes and airplane windows are designed
without sharp corners.

Figure 2.7.Other regions for which maps can be obtained by reflection using (2.8).



16 2. Essentials of Schwarz–Christoffel mapping

55◦

55◦

Figure 2.8.Maps from the half-plane to wedges of interior angles55◦ and 305◦ (n = 2).
In each case, the image of an equispaced cartesian grid is shown.

2.4 Triangles

Polygons with three vertices are the most general domains for which the
Schwarz–Christoffel prevertices can be chosen arbitrarily, provided they re-
main distinct and properly ordered. Indeed, the mapping of triangles was the
main focus of Schwarz’s original paper [Sch69b] and was used to construct
the map to the square shown in Figure 1.4. In this section, we usetriangle to
refer to unbounded polygons as well as the more conventional kind—in fact,
the unbounded examples are the most interesting cases.
Becauseα1 + α2 + α3 = 1, at most two vertices may be infinite. If two

vertices, sayw1 andw3, are infinite, thenα2 ≥ 1and thecorneratw2 is reentrant.
The regionP is therefore a strip with a kink in one side. A natural way to display
such amap is to transplant a cartesian grid fromanunkinked strip to the disk and
thence to the kinked strip. Figure 2.9 shows two such maps. (Computation of

Figure 2.9.Maps to triangles with two infinite vertices (n = 3). The grids are conformal
images of a regular grid in an infinite unkinked strip.
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(a) (b)

(c) (d)

Figure 2.10.Maps from the half-plane to triangles with one infinite vertex. The curves
are images of regular cartesian grids. The letters refer to formulas (2.10a)–(2.10d).

themapwithout using the intermediate disk, which is better numerical practice,
is considered in section 4.2.) Whenα2 = 2, the kink folds back upon itself to
form a slit. If additionallyα1 = α3 = −1/2, the result is a slit half-plane region
such as the one shown on the top right in Figure 2.7.
Triangles with one infinite vertex include some regions of practical and

classical significance. In Figure 2.10 we show some of thesemaps. The formula
for case (a) is elementary. If we letw3 = ∞, z1 = −1, andz2 = 1, then

f (z) = A+ C
∫ z

(ζ 2 − 1)−1/2 dζ = A+ C cosh−1(z). (2.10a)

Case (b), the map to a step, is only a little harder:

f (z) = A+ C
∫ z(

ζ + 1

ζ − 1

)1/2

dζ

= A+ C
∫ z ζ + 1

(ζ 2 − 1)1/2
dζ

= A+ C
[
(z2 − 1)1/2 + cosh−1(z)

]
. (2.10b)
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Maps (c) and (d) can likewise be found in closed form:

f (z) = A+ C(z− 1)1/2(z+ 5), (2.10c)

f (z) = A+ C
[
z(z2 − 1)1/2 − cosh−1(z)

]
. (2.10d)

The SCmap to any triangle can be compactly written using the incomplete beta
function [GR94],

Bz(p,q) =
∫ z

0
ζ p−1(1− ζ )q−1dζ.

If we choosez1 = 0, z2 = 1, then the map can be expressed asf (z) = A+
CBz(α1, α2).

2.5 Rectangles and elliptic functions

If n = 4, the Schwarz–Christoffel prevertices are not ours to choose. In the
general case there is no simple analytic determination of the one degree of
freedom in theprevertices.However, in the important casewhenP is the interior
of a rectangle, symmetry allows an explicit solution.
We rotate and translate the rectangle so that its vertices arew1 = −K + i K ′,

w2 = −K, w3 = K , andw4 = K + i K ′. (The motivation for the notation will
becomeclear shortly.) By symmetry,wechoose thepreverticesasz1 = −m−1/2,
z2 = −1, z3 = 1, andz4 = m−1/2, wherem is a parameter that represents the
degree of freedom in the prevertices. The image of infinity turns out to be the
point i K ′, and the image of 0 is 0. See Figure 2.11. The mapping function can

f

−m−1/2 m−1/2−1 1
K K

K + iK ′−K + iK ′

Figure 2.11.Map (2.11) to a rectangle (n = 4) from the upper half-plane.
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Figure 2.12.Map of a generalized quadrilateral to a rectangle of unique aspect ratio.
Two vertices are indistinguishable in the middle picture.

be written as an elliptic integral of the first kind:

w = f (z) = A+ C
∫ z 4∏

k=1
(ζ − zk)

−1/2 dζ

= C
∫ z

0

dζ√
(ζ 2 − m−1)(ζ 2 − 1)

= C
∫ sin−1 z

0

dθ√
1−msin2 θ

. (2.11)

Thus we have sn(C−1w |m) = z, where sn(u |m) is theJacobi elliptic sine
with parameterm.1 If the rectangle is scaled so thatK = f (1) is the complete
elliptic integral of the first kind with parameterm, our normalization ensures
thatC = 1, and the inverse map is simplyz= sn(w |m). In this caseK ′ is the
complete elliptic integral with parameter 1−m. (Elliptic functions arise again
in section 4.9. For more about their many properties, see [Hil59].)
The elliptic parameterm is associated in a one-to-one manner with the geo-

metry of the rectangle—specifically, with its aspect ratio, since that is the only
feature preserved by scaling, rotation, and translation. Thus the SC parameter
problem is in principle solved by finding the value ofmsuch thatK ′(m)/2K (m)

is the aspect ratio.
This rectangle transformation is closely associated with the notion of agen-

eralized quadrilateral. A generalized quadrilateralQ is a Jordan region (i.e.,
bounded by the image of the unit circle under a continuous, one-to-one func-
tion) together with four distinguished pointsa,b, c,d lying in order on the
boundary. A conformal transformation of the region toH+ mapsa,b, c,d to
points in order on the real line. Those points can be mapped to±1 and±m−1/2

by Möbius transformation for a unique value ofm, and thence by an SCmap to
a rectangle of unique aspect ratio (see Figure 2.12). This aspect ratio is known

1 The elliptic modulusk is sometimes used in place ofm. Their relationship ism = k2.
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as theconformal modulusor conformal module ofQ. Note that it depends on
the four selected boundary points as well as on the geometry of the region. Two
generalized quadrilaterals are conformally equivalent if and only if they have
the samemodulus. Practical implementation of SCmapping for the generalized
quadrilateral problem is discussed in section 4.3.

2.6 Crowding

The rectangle map provides a canonical illustration of a fundamental phe-
nomenon in conformal mapping known ascrowding. Crowding is a form of
ill-conditioning that causes trouble in virtually all numerical methods for con-
formal mapping. The first discussion of crowding in the literature appears to
have been by Gaier [Gai72], and the term seems to have been invented by
Zemach [MZ80]. Its relevance to SC mapping was highlighted in [Tre80].
The situation can be exemplified by the map from the disk to a rectangle

(Figure 2.13). By conformality, the angles at which the curvesmeet at the origin
are the same as in the disk. As the aspect ratio grows, the angles between some
pairs of these curves become exponentially small. This effect can be analyzed
via the expansions

K = π

2
+ O(m),

K ′ = log
4

m1/2
+ O(m logm).

a = 1

a = 4

a = 7

Figure 2.13.Illustration of the “crowding” phenomenon inmaps of the disk to rectangles
of different aspect ratioa. The angles subtended at the origin areπ/2, 0.00475, and
0.0000427.
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The aspect ratioa thus satisfies

a = K ′

2K
= 1

2π
log

16

m
+ O(m logm),

m = O(e−2πa). (2.12)

The cross-ratio (see p. 31) of the four prevertices−m−1/2, −1,1,m−1/2 is there-
foreO(m1/2) = O(e−πa). Since anymap of the upper half-plane to the disk pre-
serves this cross-ratio, some pair of prevertices in any disk map to the rectangle
of aspect ratioa will be separated by a distance that isO(e−πa/2).
In the vicinity of those crowded prevertices, the derivative of the mapf (z)

must beO(eπa/2). This indicates that tiny changes in a point in the disk—suchas
those induced by roundoff error on a computer—can be amplified enormously
by the map. To put it in other terms, one generally cannot even distinguish
adjacent prevertices in standard IEEE double precision arithmetic (roundoff
approximately 2× 10−16) if a is larger than about 23.
Mapping from the half-plane might seem to alleviate crowding, because

prevertices are separated by distances of sizeO(1) or O(m−1/2), neither of
which is small. However, therangeof magnitudes in the prevertex spacings
remains, and this is what floating-point arithmetic limits.
Crowding is not limited to rectangle maps. Indeed, it occurs whenever the

target region has areas that are relatively long and thin. We informally call such
regionselongated. One interpretation of crowding is that whereas boundary
data for an elliptic partial differential equation influence the solution through-
out the region, this influence may be exponentially weak in areas separated
from the point by an elongation. A common response to this difficulty in other
elliptic settings is to use a domain decomposition; we shall consider this idea
in section 3.4 (see also [Lau94, PS91, FPS99]). Another, more specialized cir-
cumvention of the problem is to give up the half-plane and disk as fundamental
domains for elongated regions; we shall take this approach in section 4.3 (see
also [How94]).
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3
Numerical methods

Methods for thenumerical computationofSchwarz–Christoffelmapshavebeen
refined for 40 years, and improvements continue. At this writing, it is possible
to compute (to, say, eight accurate digits)maps to regionswith one or two dozen
vertices in a few seconds on a workstation. Regions with a hundred vertices can
be treated in a few minutes.

In this chapter we shall examine themajor algorithmic issues of SCmapping
and refer to the literature for the full numerical analysis. For concreteness we
describe maps from the disk, which is often most convenient computationally;
the half-plane is little different. The chapter closes with brief descriptions of
relevant software packages available for free in the public domain.

3.1 Side-length parameter problem

At the heart of any numerical method for Schwarz–Christoffel maps is the so-
lution of the parameter problem. Themost successful general-purpose method-
ology, based on equations derived from side lengths, was introduced in 1980 by
Trefethen [Tre80], who built on work by Reppe [Rep79] and others. Variations
on this technique remain the mainstay of numerical SC mapping.(A quite dif-
ferent method, based on cross-ratios and designed to overcome crowding, was
proposed by Driscoll and Vavasis [DV98] and is explained in section 3.4.)

We recall the SC formula (2.4):

f (z) = A+ C
∫ z n∏

k=1

(
1− ζ

zk

)αk−1

dζ. (3.1)

The exponents in the integrand induce the correct angles in the image of the
unit disk, regardless of where the prevertices lie on the unit circle. However, the

23
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locations of the prevertices determine the side lengths of the resulting image,
as illustrated in Figure 1.3. In order to map to a given target, then, we must
determine the locations of the prevertices by enforcing conditions involving the
side lengths.

The three degrees of freedom in the map may be pinned down by specifying
zn−2 = −1,zn−1 = −i , andzn = 1. We are left withn− 3 real quantities—the
arguments of the remaining prevertices—to determine. For a bounded polygon,
this is accomplished by then− 3 real conditions

∣∣∣∣
∫ zj+1

zj

f ′(ζ )dζ

∣∣∣∣∣∣∣∣
∫ z2

z1

f ′(ζ )dζ

∣∣∣∣
= |w j+1 − w j |

|w2 − w1| , j = 2,3, . . . ,n− 2, (3.2)

where f ′ comes from (3.1). The following theorem explains why vertexwn

does not explicitly appear in these conditions.

Theorem 3.1. Assume thatαn �= 1andαn �= 2. A boundedpolygon is uniquely
determined, up to scaling, rotation, and translation, by its angles and the n− 3
side-length ratios appearing on the right-hand sides of(3.2).

Proof. Because we have scaling, rotation, and translation available, we can
assume thatw1 andw2 are correct. Because|w3 − w2| and the angle of the
polygon atw2 are known, the location ofw3 is determined. Proceeding induc-
tively, we can position all the vertices throughwn−1 in the same manner. To
locatewn, we note that the lines containing the sides that adjoinwn are not
parallel, because of the conditions onαn. Since the angles atw1 andwn−1 are
known, we can locatewn at the unique intersection of two nonparallel lines. See
Figure 3.1. ��

The conditions onαn are not restrictive in practice, as we are free to number
the vertices so that a convenient vertex is thenth. The scaling, rotation, and

...
w1

w2

w3 wn−2

wn−1

wn

Figure 3.1.Location of the last vertex by intersection.
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translation are possible because of the constantsA andC appearing in (3.1).
Conveniently, however, neither constant appears in (3.2).

If wJ = ∞ for J < n, two of the conditions in (3.2) are meaningless. We
can replace them by the complex condition

∫ zJ+1

zJ−1

f ′(ζ )dζ

∣∣∣∣
∫ z2

z1

f ′(ζ )dζ

∣∣∣∣
= wJ+1 − wJ−1

|w2 − w1| . (3.3)

This conditionensures that the twocomponentsof theboundary that are incident
onwJ are positioned correctly with respect to each other. As a consequence, we
must require that no two infinite vertices be adjacent, because otherwise (3.3)
is still useless. If this requirement is not met initially, we can introduce one
degenerate vertex with interior angleπ on the straight line between infinite
neighbors.

We now haven− 3 real side-length conditions on the unknown prevertices,
staring with (3.2) and substituting as needed from (3.3). It is crucial when
solving for the prevertices that theybe constrained to lie in order on the unit
circle. Designating the argument ofzk by θk, we let

0< θ1 < θ2 < · · · < θn = 2π. (3.4)

Our earlier choices for the three degrees of freedom imply also thatθn−2 = π

andθn−1 = 3π
2 . Because constrained systems of equations may be difficult to

solve (especially in light of crowding, as discussed in section 2.6), it is desirable
to formulate an equivalent unconstrained system. One approach that has proved
very successful in practice is the transformation

φk = log

(
θk − θk−1

θk+1 − θk

)
, k = 1, . . . ,n− 3.

Here we adopt the conventionθ0 = 0. Theφk variables take arbitrary real val-
ues, and the relationship is easily inverted:

p0 = 1,

pk =
k∏
j=1

e−φ j , k = 1, . . . , n− 3,

θm = π

∑m−1
k=0 pk∑n−3
k=0 pk

, m = 1, . . . ,n− 3.
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Figure 3.2.Maps to two regions with 100 vertices. The circular arc at the top of the
state of Delaware (right) is approximated by 36 straight-line segments. In practice we
recommend instead methods designed for smooth arcs.

The parameter problem has now been expressed as a system of equations
in the unconstrained variablesφ1, . . . , φn−3. This system must be solved by
an iterative numerical method. Note that the Jacobian of the system is hard to
express analytically. In most cases a quasi-Newton iteration [DS96] or other
“black-box” solver will give the best results. However, the complexity of such
methods isO(n3) asn → ∞. In practice, a hundred vertices or so present no
trouble, as illustrated in Figure 3.2. For very largen, though, simple linear
iterations such as those in [Cos87, CS92, Dav79, FA74] might be useful, espe-
cially during the early iterations far from the solution. (However, if the largen
arises from the approximation of smooth arcs, we recommend instead the use
of methods specifically designed for such regions. See sections 3.6, 4.10, and
4.11.)

A theoretical difficulty can arise in the solution of these equations [How90].
Consider, for example, the polygonal regions of Figure 3.3. Deforming the re-
gion on the left continuously into that on the right would require the two slits
to move past each other. However, if the slits are shortened or nearby sides are
otherwise adjusted accordingly, any reasonable residual measure of side-length
accuracy will increase. Assuming the use of a purely descending nonlinear
equations method, iterations will therefore push the slits together. As the gap
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Figure 3.3.A descent method for the side-length parameter problem can never achieve
the polygon on the right when starting from the polygon on the left.

between themshrinks toward zero, someprevertices in the disk becomearbitrar-
ily crowded, causing at least oneφk variable to approach infinity.1 Therefore,
a descent method starting from an initial prevertex arrangement that maps to
the region on the left will not converge to the region on the right—some sort of
global “leap” is needed to allow the slits to cross. In practice, a breakdown like
this is extremely rare, but regions with many bumps or slits can lead to very
slow convergence unless supplied with fairly good initial guesses.

Once the prevertices have been found, the multiplicative constantC in (3.1)
can be found by integrating between two prevertices. The additive constantA is
simply the image of the base point of the integral; rather than fixing this point,
it is most convenient to computef (z) by starting from the prevertex (among
those whose images are finite) that is closest toz.

3.2 Quadrature

Schwarz–Christoffel mapping requires the rapid and accurate computational
approximation of integrals of the form

∫ b

a

n∏
k=1

(
1− ζ

zk

)αk−1

dζ.

Reproducing the relatively simple Figure 1.4, for example, took 8,249 such
integrations (see the appendix), and the left side of Figure 3.2 required 94,204
of them. Because the integrand is analytic throughout the canonical mapping
region, the integral is path-independent. We typically choose to use a straight-
line segment, but in certain circumstances other choices are more appropriate.2

1 From an algebraic standpoint, this is not the same as a nonglobal local minimum in the residual,
which is impossible [How90].

2 For example, in the exterior map of section 4.4 it is important not to choose a path that goes near
the pole at the origin.
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Because of the need to solve the parameter problem (see section 3.1), it often
happens that one or both of the pointsa,b is a prevertex. Recalling that for
eachk,−2≤ αk ≤ 2, we see that the integrand in such cases lacks regularity at
one or both ends unlessαk = 0,1,2. These singularities presents a challenge
for general-purpose integrationmethods, such as those based onNewton–Cotes
rules.

The specific form of the singularity, however, allows us to applyGauss–
Jacobi quadrature [GW69]. This is a highly accurate method for integrals of
the form

∫ 1

−1
r (t)(1− t)β(1+ t)γ dt,

for smooth functionsr (t). By linearly rescaling the original interval [a,b] to
[−1,1] and dividing out the singular behavior, we obtain a smooth integrand
of the proper form. (Newton–Cotes rules can also be modified to incorporate
the singularities explicitly, in which case they perform acceptably [FZ88].)

However, a subtle problem remains. The Gauss–Jacobi formula accounts
for singularities at the endpoints. When these endpoints are prevertices, the
crowding phenomenon (section 2.6) implies that other prevertices may be ex-
tremely close to the interval of integration. Such singularities will severely
degrade the rate of convergence of the quadrature.3 To combat this problem,
Trefethen [Tre80] proposed using acompoundGauss–Jacobi method, in which
the integration interval is subdivided in accordance with the “one-half rule”:

The one-half rule:No singularity may lie closer to an integration sub-
interval than one-half the length of that subinterval.

Trefethen found that, as a rule of thumb, the number of accurate digits obtained
by computing SC integrals with this compound method was roughly equal to
the number of Gauss–Jacobi nodes used per subinterval.

This one-half rule is analogous to techniques used inhpfinite element meth-
ods for the numerical solution of partial differential equations (for example,
see [Sch98, pp. 89–100], and references therein), where the geometric sub-
division idea goes by the name of geometric mesh refinement; similar ideas
also appear in the literature of the numerical solution of integral equations.
In particular, Scherer and Babushka and others have argued that, for a wide
class of problems involving geometric mesh refinement, a refinement ratio of

3 We are referring here to distances like 10−8, not 10−1, and the degradation of accuracy is not
merely annoying but dominant.
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σ = (
√
2− 1)/2≈ 0.17 is optimal. This ratio would correspond to changing

the number 1/2 in the one-half rule to 1/A with A = σ−1 − 1≈ 4.8. Experi-
ments by Lehel Banjai (unpublished) indicate that this change improves perfor-
mance of the SC Toolbox in some problems by a modest amount, on the order
of 10%.

Other techniques for SC integration have been tried with some success
[Cos87, Dav79, FZ88, KK64]. An early survey and comparison was done by
Meyer [Mey79]. Howell [How90] studied various adaptive and singularity re-
moval quadrature techniques and recommended the compound Gauss–Jacobi
method.

In solving the parameter problem, what is really desired is a side length, that
is, ∣∣∣∣∣

∫ zj+1

zj

n∏
k=1

(
1− ζ

zk

)αk−1

dζ

∣∣∣∣∣.

Krikeles and Rubin [KR88] pointed out that the absolute value can be taken
inside the integral if thepath is along theunit circle. Asa result, the integrandcan
be evaluatedusing only real, not complex, logarithms—a considerablesavings
in practical computation. In the half-plane, such integrations are along the real
axis and trivially also use only real logarithms. This special structure is lost in
both cases, however, when a prevertex of infinity causes a substitution in the
side-length conditions of the form (3.3), as described in section (3.1).

3.3 Inverting the map

Once the Schwarz–Christoffel parameters are known, evaluation of the forward
mapw = f (z) is simply a matter of computing the SC integral (3.1). Inversion
of the map to producez(w) is more difficult, because no formula exists in
general. Trefethen [Tre80] proposed two strategies for inversion:

1. Newton iteration on the forward mapf (z) − w = 0, and
2. Numerical solution of the initial-value problem (IVP)

dz

dw
= 1

f ′(z)
and z(w0) = z0.

The Newton iteration is attractive becausef ′(z) is known (in fact, it is much
cheaper to compute thanf (z) is) and convergence will be locally quadratic.
However, in practice one may need a rather good starting guess to avoid di-
vergence. Solving the initial-value problem, on the other hand, is more reliable
but considerably slower. Trefethen recommended using a standard IVP solver
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with a fairly relaxed error tolerance to obtain an initial estimate for the Newton
iteration. This is still the best method known.

There is a practical difficulty in identifyingw0 and z0 to begin the IVP.
The only points at which the inverse map is known after solving the parameter
problem are the vertices, but the differential equation is generally singular
at those points. Moreover, it is easiest to solve the IVP along a straight line
from w0 to the desired pointw, but then one must choosew0 so that this
path lies entirely inside the polygon. An inelegant approach that is nonetheless
successful in software is to compute the forward map at points on the unit
circle between prevertices and exhaustively check the path condition. Typically
the work involved with this step is insignificant compared to the IVP/Newton
steps.

3.4 Cross-ratio parameter problem

As was noted in section 2.6, any elongated areas in the target region force
prevertices to be placed extremely close together, with separations that shrink
exponentially with the local aspect ratio. This crowding causes the derivative
f ′(z) to be large near those prevertices, which in turn leads to great sensitivity
of the values of themap to roundofferror. In themost extreme circumstance, the
exact prevertices cannot be distinguished in the floating-point representation of
the computer.

One algorithmic response to crowding has been to change the fundamental
domain. The prime example of this technique is the use of a strip or rectangle to
map to regions that are elongated in just one major sense—say, an L-shaped or
Z-shaped region (see sections 4.2 and 4.3). This strategy reflects the view that
the disk or half-plane is an ill-conditioned choice of domain for such a target
region, and it is both reasonable and successful when applicable. However,
neither the strip nor the rectangle is suitable for a T-shaped domain. It is possible
to construct the SC map from a slit strip for such domains [How94], but the
formula becomes more complicated. Furthermore, even though formulas exist
or can be derived for H-shaped or arbitrarily elongated domains, they rapidly
become unwieldy, and automatic selection of the proper formula for a particular
target domain is difficult.

As a first step toward a different response to crowding, consider the situation
in Figure 3.4. Recall that the prevertices have three degrees of freedom among
them; that is, there is a three-parameter family of prevertex arrangements that
all map to the same polygon. (The constantsAandC in (2.4) depend on the free
parameters.) We call each such prevertex arrangement anembedding. When
the target region is highly elongated, each embedding will lead to crowding
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SC SC

Möbius

Figure 3.4.Both embeddings of the disk (top) map to the same polygon (bottom), but
different groups of prevertices (dots and triangles) are clustered on the circle. Hence
each version of the map is crowded in a different part of the polygon.

somewhere in the map. But this crowding may be highly localized, and the
location may be different for different embeddings, as is the case in Figure 3.4.

The trouble in the side-length algorithm for an elongated polygon originates
from fixing the three free parameters. A particular embedding is implicitly
chosen at the start, and it must suffer from crowding somewhere. To circumvent
crowding, we need a robust way to find thefamily of equivalent embeddings.
More specifically, we need

1. A compact representation of the family, and
2. Access to locally well-conditioned embeddings from the family.

We begin with the first item. Any representation of an embedding family
should haven− 3 real components. Moreover, because each embedding is
related to any member of its family by a conformal map of the disk to itself
(Möbius transformation), the family representationmust be invariant under such
maps. A goodchoice for the representation is to definen− 3 ordered 4-tuples
of prevertices and take thecross-ratioof each, defined as [Neh52]

ρ(a,b, c,d) = (d − a)(b− c)

(c− d)(a− b)
. (3.5)

It is easily seen that for four points in counterclockwise order on the unit circle
(or, in fact, any circle), the cross-ratio is real and negative. Cross-ratios are also
invariant under M¨obius transformations.

How should we choose the(n− 3) prevertex 4-tuples? One obvious choice
is to take the consecutive 4-tuples on the indices(1,2, . . . ,n). However, a
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geometrically motivated choice has important advantages. The result is the
CRDT algorithm (cross-ratios of the Delaunay triangulation) [DV98].

Werestrict attention toboundedpolygons.LetT be theconstrainedDelaunay
triangulation [BE92] of the polygon vertices. (The Delaunay triangulation is
optimal in the sense of maximizing the minimal interior angle.) The triangles
of T have sides that include segments drawn through the interior ofP; we call
such sidesdiagonalsof T . Elementary facts about triangulations onn vertices
include that there aren− 2 triangles inT andn− 3 diagonals. Each diagonal is
a side for two triangles inT , and the union of those triangles is a quadrilateral.
We denote the set ofn− 3 quadrilaterals byQ. The vertices of eachQ ∈ Q,
taken in counterclockwise order, define an ordered 4-tuple of prevertices. See
Figure 3.5. Observe also that the quadrilaterals can be described by a connected
“overlap graph” in which adjacency is defined by the sharing of a triangle.

We now propose a representation of an embeddingfamily. For each quadri-
lateralQ ∈ Q, let σ(Q) be the cross-ratio of that quadrilateral’s prevertices.
There aren− 3 such parameters, and they are invariant under the M¨obius

T

Q1 Q2

Q3 Q4

Figure 3.5.TriangulationT and quadrilateralsQ1, . . . , Q4 in the CRDT scheme for
n = 7. Each quadrilateral defines a 4-tuple of prevertices, the cross-ratio of which is
used as an unknown in the parameter problem.
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(equivalence) transformations of the family. We need to show that, conversely,
each collection ofσ values does in fact correspond to a family of embed-
dings. We do this constructively and in a manner that leads into item #2 in
the preceding list—the ability to extract particular, locally well-conditioned
embeddings.

It is easily seen that if the four prevertices ofQ are constrained to form a
rectangle on the unit circle, then they are uniquely determined (up to a trivial
rotation) byσ(Q). Now,Q shares a triangle with some other quadrilateral,Q′.
(It may help to refer again to Figure 3.5.) Hence we know three of the prevertex
positions forQ′, as well asσ(Q′). This information uniquely determines the
fourth prevertex ofQ′. By visiting quadrilaterals according to the overlap graph
(say, in depth-first order), we can construct a complete embedding of prevertices
in this fashion.Since theprocessbeganwithQandclearly dependson thechoice
of Q, we call this embeddingE(Q).

We have now satisfied the first item of our list. The second is also under
control, thanks to the following property:

Well-separation property: If maxQ∈Q |log(−σ(Q))| is not large, each
of the prevertices ofQ in E(Q) is well-separated from all the others.

The reasoning here is simple, if imprecise. The prevertices ofQ in E(Q) form a
rectangle. If two sides of the rectangle were separated by a smallε, thenσ(Q)

would beO(ε±2). That would contradict the assumption, so the initial four
prevertices are mutually well-separated. Suppose thatQ′ overlaps withQ and
that the new prevertex it introduces is withinε of a prevertex ofQ. Only one of
the four distances needed to define the cross-ratioσ(Q′) can be small, so then
σ(Q′) = O(ε±1), another contradiction. The argument proceeds inductively,
with each new prevertex forbidden to be close to any prevetex ofQ. In practice,
by well-separated we mean agreement to at most three or so digits, thereby
presenting no problem for double precision arithmetic.

An important aspect of thewell-separation property is that inE(Q) it applies
only to the prevertices ofQ. Other prevertices could be close to each other—
indeed, this is generally the case. However, for purposes of evaluating the SC
integral, this fact is immaterial as long as the interval of integration is not near
such clusters. In other words,E(Q) is a suitable embedding for computing
values of the SC map that end up in or nearQ. The situation is summarized
in Figure 3.6 for a polygon withn = 7 vertices and hence four quadrilaterals,
labeledQ1, . . . , Q4. Each embeddingE(Qj ) has the prevertices ofQj well-
separatedandarranged in a rectangle. These four preverticesdefineall ofE(Qj )

and hence an SC integral,I j (z). The image of the disk underI j is a scaled,
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I1(z)

I2(z)

I3(z)

I4(z)

A1, C1

A2, C2

A3, C3

A4, C4

Q1

Q2

Q3

Q4

Figure 3.6.Summary of the key CRDT idea. Each prevertex embedding on the left
defines a particular SC integral, denotedI1, . . . , I4. The distinguished rectangle of pre-
vertices (solid dots) map to a 4-tuple that can be scaled and rotated using the affine
constantsA1,C1, etc., to align with quadrilateralsQ1, . . . , Q4 in the given polygon on
the right. Remaining prevertices (open circles) are crowded, but that is immaterial.

rotated, and translated copy of the target region. Thus a pair of affine constants
Aj ,Cj complete the map fromE(Qj ) to the target.
At this point weneed to ask how to ensure the condition that leads to thewell-

separation property. We know that the statement “log(−σ(Q)) large” suggests
thatQ must be rather elongated. To prevent large or small cross-ratios, then,
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Figure 3.7.Two-stage preprocessing step for the CRDT algorithm. Vertices are first
added to the original polygon (left) in order to cut off sharp corners (center). Then,
additional vertices are added to break up long, narrow channels (right).

we introduce a preprocessing step for the polygon� whose purpose is to bound
the effective aspect ratio of every quadrilateralin Q. This goal is achieved by
introducing degenerate vertices with interior angleπ along the sides of�. The
details of one such technique are presented in [DV98] and are illustrated in
Figure 3.7. In practice, the number of vertices in� can grow substantially,
adding to the size of the representation of embeddings; however, at least the
degenerate vertices do not appear in the SC integrand.

The prevertex cross-ratios that produce the correct embedding family must
be found by solving a parameter problem. Then− 3 necessary conditions are
determined geometrically. One could again use the side-length conditions (3.2);
each side of� belongs to a quadrilateral, so there is at least one embedding in
which its length can be computed reliably. However, the CRDT algorithm uses
an alternative set of conditions that seems to lead tomore easily solved systems.
Given a list of prevertex cross-ratios, each quadrilateralQ ∈ Q is considered in
turn. The prevertices ofQ in E(Q) aremapped under the SC integral to form an
approximatioñQ toQ (refer to themiddle columnof Figure 3.6). One condition
is derived by requiring themoduli of the cross-ratios ofQ andQ̃ to agree. (This
number is independent of the affine scaling constants, which therefore do not
need to be computed for solving the parameter problem.) Since there aren− 3
quadrilaterals inQ, this definesn− 3 real conditions. Snoeyink [Sno99] proved
that these conditions (plus the known angles) uniquely determine a polygon.4

The cross-ratios{σ(Q): Q ∈ Q} that determine the embedding family are
real and negative, hence constrained. We negate them and take a logarithm to

4 Technically, it is not clear whether Snoeyink’s proof applies to every iteration in a solution of the
parameter problem, since some embeddings yield self-intersecting “polygons” that do not meet
the usual definition. In practice there seems to be no difficulty.
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make them unconstrained. For scaling purposes, it makes sense to take loga-
rithms of the geometric conditions as well. The resulting system of nonlinear
equations can be solved by a quasi-Newton iterative method. Experimentally
we find that the system is rather well-behaved, and more economical Jacobian
strategies are useful; see [DV98] for details.

3.5 Mapping using cross-ratios

Evaluating the SC map using the CRDT formulation is less straightforward
than in the case where prevertices are found directly. Each embedding has an
associated pair of affine constants that complete the SCmap to the target region
(see Figure 3.6). These can be computed directly once the proper embedding
family has been found. We also need to be able to relate any two of the compu-
tational embeddings. To this end, note that equivalent embeddings are related
by self-maps of the disk (shown as the vertical arrows on the left-hand side
of Figure 3.6), which are in turn determined by themapping of three points.
Numerical instability would arise if we chose three points in the source em-
bedding that were crowded in the destination embedding. Fortunately we can
avoid thissituation. Two overlapping quadrilateralsQ andQ′ inQ share three
prevertices, and these prevertices are well separated in bothE(Q) andE(Q′).
So we must always transform between neighboring embeddings in the overlap
graph; a direct transition from the top left of Figure 3.6 to the bottom left would
numerically fail.

To compute values of a map, one must choose a “reference” embedding
in which source points are given. We require that the reference embedding be
specified by the locations of three prevertices corresponding to a triangle. Then
it is readily transformed to one of our computational embeddings, and thence
to any other.

Suppose that a pointz in the reference embedding is to be mapped to the
target regionP. Since f (z) is inside at least one quadrilateral, we know that
at least one CRDT embedding is suitable. However, it is impossible to know
a priori what the best embedding may be. (Inverse mapping is, in this regard,
simpler.) Hence we mapz from the reference toall of the other embeddings,
since this is computationally inexpensive. We heuristically expect that the best
embedding is the one in which the transformedz is closest to the origin, and
we use it for computing the map.

Figure3.8 illustrates thepowerof theCRDTmethod inmapping toamultiply
elongated “maze.” Cross-ratios describe the disk map, which in turn is used as
an intermediary to a conformally equivalent rectangle. Two opposite sides of
the rectangle map to the “entrance” and “exit” of the maze, and four paths
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Figure 3.8.Map to a “maze” using the CRDT cross-ratio formulation. Each curve is
the image of a line in a conformally equivalent rectangle; the dotted curves represent
lines which are exponentially close (10−10,10−20, . . . , 10−50) to a rectangle side. All
computations were done using double precision arithmetic.

through the maze (solid curves) are the images of straight lines in the rectangle.
The dots shown also lie on images of parallel lines—in this case, lines that
are exponentially close (10−10,10−20, . . . ,10−50) to a side of the rectangle.
For most of their length, they are indistinguishable from the maze walls, until
one penetrates well into a “dead end.” The results are accurate despite the fact
that the computations are performed in double precision arithmetic (machine
epsilon≈ 10−16). We are not aware of any other technique that can accurately
find these dots using only double precision arithmetic.5

Another sort of map to the same region is illustrated in Figure 3.9. Instead of
using the disk as an intermediary to a rectangle, the canonical region is multiply
elongated to better match the “arms” of the maze. All the angles of this domain
are multiples ofπ/2, which makes it simple to construct an orthogonal grid.
The side lengths in this domain are not known a priori but must be found as part

5 We note here that the original maze has 120 vertices, which became 180 vertices after the CRDT
preprocessing subdivision. The cross-ratioswere found in about 13minutes using theSCToolbox
on a 2000-vintage workstation. Plotting the dots in Figure 3.8 took about 10 lines of MATLAB
code plus some human intervention.
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Figure 3.9.Map to themaze fromamultiply elongated region. Themaze (bottom) is first
SC mapped to the disk. The resulting prevertices are assigned angles that are multiples
of π/2. When side lengths are computed from the SC integral, the region at top results.
A rectangular grid on this region (not shown) is then mapped to the maze. (Letter labels
are used to aid comparison of the two regions.) All this is done accurately by CRDT in
double precision arithmetic.
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of the computation by evaluation of the SC integral; this is a generalization of
the conformal modulus problem.

3.6 Software

The most comprehensive and user-friendly numerical SC software is the
Schwarz–Christoffel Toolbox for MATLAB. For more on the toolbox, how
to obtain it, and examples of its use, seethe appendix. Except where explicitly
noted, all the examples and figures in this book were computed using this tool-
box. (Some require a fair amount of programming in addition to the distributed
toolbox code, however.)

The SC Toolbox is a descendentof SCPACK, a FORTRAN 77 package
written by Trefethen [Tre80, Tre89]. SCPACKwas responsible for first making
numerical SC mapping widely available to nonexperts and has been in use for
20 years.Only maps from the disk, using the side-length formulation of the
parameter problem, are directly supported; routines are included for comput-
ing the forward and inverse maps. SCPACK is available through the Netlib
repository athttp://www.netlib.org/conformal.

Also at Netlib in FORTRAN are:

DSCPACK A package written by Hu [Hu95] for mapping from annuli to
doubly connected regions bounded by polygons (see section 4.9). As in
SCPACK, solving the parameter problem and computing maps in either di-
rection are supported.

CAP A package by Bjørstad and Grosse [BG87] for mapping to circular-arc
polygons (see section 4.10). This package is described by the authors as
“experimental” and is not as robust as others listed here.

GEARLIKE A package written by Pearce [Pea91] for maps to “gearlike”
domains (see section 4.8). This is modeled after SCPACK.

Finally, we mention three other public-domain packages for non-SC-based
conformal mapping:

CONFPACK A FORTRAN package by Hough [HP83, Hou90] which imple-
ments Symm’s equation for simply connected regions (interior or exterior)
with piecewise smooth boundaries. CONFPACK explicitly accounts for cor-
ner singularities [Hou89] and is very accurate and efficient. It is available at
Netlib.

zipper A C package written by Marshall that implements an interpolation-
basedmethod of K¨uhnau [Küh83] for interior and exterior regions. Although
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corners are not explicitly accounted for, the software is remarkably fast.
It is available from its author athttp://www.math.washington.edu/~
marshall/zipper.html.

CirclePack A C package written by Stephenson that computes packings of
circles with specified tangency. These can be used as approximations to con-
formal maps. See [RS87, Ste99] andhttp://www.math.utk.edu/~kens
for more details.



4
Variations

A key aspect of the power of the Schwarz–Christoffel transformation (indeed, a
large part of themotivation for this book) is its remarkable flexibility in adapting
to a wide variety of situations, not all of which superficially seem to involve
conformal maps or even polygons. The essence of SC mapping is to treat the
corners exactly; if the rest of the problem is simple, nothingelse is needed.
What emerges from applications of this principle is that Schwarz–Christoffel
mapping is not just a mapping technique but a distinctive way of thinking about
problems of potential theory in the plane.

Let us reconsider the fundamental SC philosophy for constructing a map
f (z). For the half-plane, we requiredf ′ to have piecewise constant argument
along the boundary because then the image underf has straight lines with cor-
ners. For other canonical domains, we need to modify this requirement slightly.
For example, as we follow the boundary of the unit disk, a constant argument
for f ′ does not lead to a straight-line image. However, if g(z) is a function that
“straightens out” the original domain boundary, thenf ′/g′ will have the appro-
priate piecewise-constant argument. This fact is especially convenient because
we can also use powers ofg(z) − g(zk) to create wedges that have the right
jumps. To summarize, the map fromD to polygonally boundedP satisfies the
following rule:

Let f mapD to the polygonally bounded regionP (with interior angles
παk), and letgmap the boundary ofD to a straight line. Then

f ′(z)
g′(z)

= C
n∏

k=1

[g(z) − g(zk)]
αk−1. (4.1)

41
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In fact, (4.1) is the chain rule for differentiation of the functionf (z) = h(g(z)),
whereh is a standard half-plane map. But our geometric interpretation of this
formula can be useful in the derivation of other variations and applications.
We shall see that maps in which more than one boundary component is present
(sections 4.2 and 4.9) require refinement of the idea of “straightening” and some
modification of (4.1).

We must recognize too that this form leads only to properlocal behavior.
A polygon has a special global property—namely, it winds about its interior
once—and other aspects of the map may also require a global perspective. In
such cases the elementary SC factors need to be given an additional adjustment
(see section 4.4, for example).

4.1 Mapping from the disk

The unit disk may be preferred to the half-plane in some computations because
certain boundary conditions are more naturally applied there. The disk also
has the computational advantage of being a bounded domain and the aesthetic
advantageof havingnonaturally distinguishedboundary point.Wehavealready
encountered the disk formula in (2.4), but we derive it here for completeness.
Throughout, we assume that the point−1 is not among the prevertices; we can
easily arrange this situation by a rotation.

For our functiong(z) in the basic formula (4.1), we can choose the M¨obius
transformation 1/(1+ z), which maps the disk to a half-plane bounded to the
left by the line Rez= 1

2. (Our choice ofg(z) is not unique, and other choices
would lead to equally valid formulas.) Thus,

f ′(z) = Cg′(z)
n∏

k=1

(g(z) − g(zk))
αk−1

= C(1+ z)−2
n∏

k=1

(
z− zk
1+ z

)αk−1

(4.2)

= C
n∏

k=1

(z− zk)
αk−1

for some constantC.1 The last step reflects the fact that the exponents sum
to−2 by (2.1). As explained after (2.4), this formula is equivalent to the more
numerically convenient

1 Recall our convention that this constantmay change from line to line to absorb extraneous factors.
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Schwarz–Christoffel formula from the disk

f (z) = A+ C
∫ z n∏

k=1

(
1− ζ

zk

)αk−1

dζ

Figures 4.1 and 4.2 present some examples of SC disk maps.

Figure 4.1.Examples of disk maps to bounded regions. In each case a regular polar grid
in the disk is mapped to the target region. At bottom right, the prevertices on the unit
circle are moderately crowded—their minimum separation is about 3.6× 10−5.
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Figure 4.2.Examples of disk maps to unbounded regions.

4.2 Mapping from a strip

The infinite stripS= {0< Im z< 1} is especially useful asacanonical domain,
for two reasons. First,manyapplications involvean infinite channel, orDirichlet
boundary conditionswith just two constant values (see section 5.2). Second, be-
causeSis essentially the logarithm of the upper half-plane, crowded prevertices
on the real line may become well separated on the boundary ofSand therefore
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sinh power

Figure 4.3.Elementary factor in the SC strip map. The argument of the image jumps at
zk and at the ends of the strip.

easier to treat numerically. As far as we know, this map was first described by
Sridhar and Davis in [SD85] and implemented numerically in [Flo85]. It was
implemented and advocated as a method for combating crowding in [HT90].

The basic formula (4.1) is not quite directly applicable. Our “straightening
function” g is required to map the lower boundary Imz= 0 to a line through
zero (giving a piecewise constant argument) and the upper boundary Imz=1
to a radial slit (giving constant argument). But then translation by a lower
prevertex, as suggested by (4.1), will cause variation of the argument on the
formerly radial slit. Instead we translateinitially , since that leaves the strip
unchanged, and then applyg. This idea leads to the function

sinh

[
π

2
(z− zk)

]
, (4.3)

which mapsSto a slit half-plane. Taking a power transforms this region further
into a slit wedge (see Figure 4.3). The slit wedge gives the proper jump in argf ′

at zk without affecting the argument elsewhere on the boundary ofS. Due to
the structure of the sinh function, the same factor (4.3) also works whenzk is
on the upper boundary.

Each of the elementary factors also causes jumps in argument at the ends
of the strip, which always map to infinity. The jump at each end is half of the
wedge angle shown in Figure 4.3. If the sum of exponents at the prevertices is
−2, then each end has an overall

∫
z−1 dz, or logarithmic, behavior of parallel

sides extending to infinity. In other cases the divergences are nonparallel, as
illustrated in Figure 4.4. However, under themap so far described, the two ends
of the channel always have identical “divergence angles.” To effect different
divergences at the ends, we need to turn the image of the top side ofSwhile
leaving the other side fixed, as illustrated in the bottom row of Figure 4.4. A
factor that will have this effect onf ′ is

exp
[− 1

2π(α+ − α−)z
]
.

Hereweuseπα± to denote the desired divergenceangles at the endsof the strip.
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Figure 4.4.Divergence adjustment of the strip map. Before adjustment, the divergence
angles at the two ends of the strip are identical (top row). By turning just one side of
the image, though, we can create asymmetric divergence or even finite intersections
(bottom row).

Putting the map together, we have

Schwarz–Christoffel formula from a strip

f (z) = A+C
∫ z

exp

[
π

2
(α− − α+)ζ

] n∏
k=1

[
sinh

π

2
(ζ − zk)

]αk−1

dζ (4.4)

Some examples of strip maps are shown in Figures 4.5 and 4.6.
Because the two ends of the strip are preassigned, only one degree of free-

dom remains in themap: sideways translation of the strip, which can be fixed by
placing a designated prevertex at zero. Thusn−1 real conditions are needed to
determine the remaining prevertices, wheren is the number of vertices exclu-
sive of the channel ends. Suppose thatw1 is the first vertex after the image of the
left end of the strip andwb is the first vertex before the image of the right end.
(In other words,z1 andzb are the first and last prevertices on the bottom ofS.)
Using side lengths between adjacent pairs fromw1 towb and fromwb+1 town

yieldsn−3 conditions. (If some of these vertices are infinite, two side-length
conditions must be replaced by one complex condition as described by (3.3).)
The remaining two real conditions arise from the complex differencew1 − wn,
which orients the images of the two sides ofSwith respect to each other.

As always, it is important for numerical computation to deal with branch cuts
correctly. Using the principal branch in the form in (4.4) is fine for prevertices
on the bottom side ofS, but the argument of the power should first be negated
for prevertices on the top side.
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Figure 4.5.Examples of strip maps. In each case a regular cartesian grid in the infinite
strip is mapped to the target region.

4.3 Mapping from a rectangle

Another important fundamental domain for SC maps is the rectangle. As with
the strip, the motivations are both applied and numerical. Idealized electrical
resistance,for example, is most easily computed (when possible) by trans-
plantation to a rectangle, where the two pairs of opposite sides are assigned
Dirichlet and homogeneous Neumann boundary conditions (see section 5.3).
Numerically, the rectangle has advantages similar to those of the strip in alle-
viating crowding.
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Figure 4.6.More examples of strip maps. In four cases, one set of parallel lines in the
strip has been omitted.

As was pointed out in section 2.5, the map to a rectangle requires the speci-
fication of four points on the boundary of regionP that map to the rectangle’s
corners. These points makeP into a logical or generalized quadrilateral. The
locations of these corner images uniquely determine the aspect ratio (conformal
modulus) of the target rectangle.

The derivation of the map to polygonally boundedP by the basic for-
mula (4.1) (see p. 48) is rather simple. The Jacobi elliptic function sn(z|m)
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sn log
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Figure 4.7.Relationships among the rectangle, half-plane, and strip domains.The dis-
tortions of the rectangular grid on the left are strong in the middle picture, due to ex-
ponential relationships, but the distortions in the strip on the right are relatively minor.

(we usually write simply sn(z)) maps the rectangle to the upper half-plane and
the four points−K + i K ′,−K , K , andK + i K ′ to−m−1/2,−1, 1, andm1/2,
respectively, wherem is theelliptic parameter.2 Hence we conclude that

f ′(z) = C sn′(z)
n∏

k=1

(sn(z) − sn(zk))
αk−1. (4.5)

The form of (4.5) is not ideal for numerical computation, however.
Elliptic functions are expensive to evaluate, and one must explicitly account
for the singularity ati K ′. Instead, as suggested in [HT90], we find prever-
tices on the strip and then transplant to the rectangle from there, as shown in
Figure 4.7.

Becausem is related exponentially to the conformal modulus of the quadri-
lateral (see (2.12)), points which are spaced algebraically on the rectangle are
spacedexponentially on the real line. This factmakes thehalf-planenumerically
unsuitable as an intermediate region. But the additional map(logz)/π maps
the rectangle corners toL + i, i,0, andL on the boundary of the strip. Clearly
L is linked algebraically to the conformal modulus, so algebraic spacing on the
rectangle corresponds to algebraic spacing on the strip.

The situation here is slightly but significantly different from the strip map
as described in section 4.2. The conformal modulus, or equivalently the strip
parameterL, is an unknown in the problem, and the images of rectangle corners
are constrained to lie on two vertical lines, one of which is Rez= 0. Alto-
gether this leaves us withn− 3 unknown parameters on the strip, and these are
determined byn− 3 side length conditions exactly as in the standard half-plane
and disk maps. Note that the ends of the stripSmap to unremarkable points
on the boundary ofP and play no special role. As usual, the unknowns should

2 The elliptic modulusk is sometimes used instead, the relationship beingm = k2.
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be transformed so that they are unconstrained (e.g., by taking logarithms of
positive differences between prevertices.)

The solution of the parameter problem implicitly determines the correct
value ofL, and hence the elliptic parameterm = e2πL , K (m), K ′(m), and the
conformal modulusK ′/2K . To compute the map at specific points, one can
transplant those points to the strip by the elliptic function and then compute the
SC strip map. Some examples are shown in Figures 4.8 and 4.9.

2.559

4.869

29.952.911

2.557

4.563

Figure 4.8.Examples of rectangle maps. A regular cartesian grid is mapped from a
preimage rectangle to the given region. Underneath each region is its conformalmodulus
(the aspect ratio of its equivalent rectangle).
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22.59

1.425

2.121

22.85

Figure 4.9.More examples of rectangle maps. Only one set of parallel lines from the
rectangle is mapped.

4.4 Exterior maps

Suppose now thatP is the region exterior to a bounded polygon�. In the
extended complex plane,P is simply connected, so a conformal mapf (z)
from the interior of the unit disk toP is guaranteed to exist. To derive this map,
we first note that, as one traverses the unit circle in a counterclockwise sense,
one must traverse the polygon� clockwise so as to keepP on the left. Hence
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the required jumps in argument are now(αk −1)π rather than(1− αk)π . From
section 4.1 we know that

n∏
k=1

(
z− zk
z+ 1

)1−αk

is a functionthat has these jumps and is otherwise constant in argument on the
unit circle. According to our basic SC principle (4.1), we could setz f ′ equal to
this product:

f ′(z) = Cz−1(z+ 1)−2
n∏

k=1

(z− zk)
1−αk .

However, this effort would lead to anf that has a logarithmic singularity at the
origin. Note that arg[(z+ 1)2/z] = 0 for zon the unit circle, so a geometrically
equivalent version is

f ′(z) = Cz−2
n∏

k=1

(z− zk)
1−αk .

As usual, we find it more convenient in the disk to write this as

f ′(z) = Cz−2
n∏

k=1

(
1− z

zk

)1−αk

.

This form implies that the leading term off is−Cz−1 asz→ 0. Hencef (0) =
∞ and f is single-valued near the origin. We have found

Schwarz–Christoffel formula for an exterior region from the disk

f (z) = A+ C
∫ z

ζ−2
n∏

k=1

(
1− ζ

zk

)1−αk

dζ (4.6)

We reiterate that theαk parameters are related tointerior angles of the boundary
polygon�; these areexterior to the regionP.

Some examples of exterior maps are exhibited in Figures 4.10 and 4.11. One
can easily see that

z−1 = − 1

C
f (z) + O(1) as f (z) → ∞.
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Figure 4.10. Examples of exterior Schwarz–Christoffel maps. For each region, the
curves are images of circles of radius 0.4,0.5, . . . , 0.9 in the disk.

Consequently,|C| is thecapacityor transfinite diameter [Ahl78, Hil59, Neh52]
of the regionP (see also section 5.8).

Computationally, the formula (4.6) is little different from the standard SC
formula, although one must take care not to choose an integration path in the
disk that passes through or near the singularity at the origin. There is a more
significant change, however, in the parameter problem. Because we specified
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Figure 4.11.Moreexamples of exterior SCmaps. The radii of the circles are 0.4, . . . , 0.9
on the left, and 0.7,0.75, . . . , 0.95 on the right.

f (0) = ∞, only one degree of freedom inf remains (corresponding to a rota-
tion of E). Hencen−1 conditions are required to find the prevertices, yetn−3
conditions determine the polygon uniquely. The remaining two conditions are
derived from the single-valuedness off :

0= Res
z=0

f ′(z) = d

dz

(
C

n∏
k=1

(
1− z

zk

)1−αk
)∣∣∣∣∣

z=0

= C
n∑

k=1

αk − 1

zk
. (4.7)

This gives the required two extra real conditions.
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f

T

Figure 4.12.Map to a periodic channel from the strip. Only the prevertices of one period
(solid dots) and the length of the period need be considered unknowns in the parameter
problem. (Dashed lines show periodicity and are not mapped.)

4.5 Periodic regions and fractals

Periodic regions allow the size of the parameter problem to be greatly reduced.
Consider the mapf from the stripS= {0< Im z< 1} to a periodic channel
such as the one in Figure 4.12. Floryan pointed out that the periodicity of the
region implies that the prevertices can be taken to be periodic as well [Flo86,
FZ93]. That is, the map can be written as

f ′(z) = C
∞∏

j=−∞

n∏
k=1

[
sinh

π

2
(z− zk − jT )

]αk−1

,

whereT is the period of the prevertices. Clearlyz1 can be chosen arbitrar-
ily, leaving z2, . . . , zn andT unknown. As usual, there aren−3 relative side
lengths and one complex difference to determine the fundamental geometry; the
remaining condition comes from requiring the proper periodicity of the image
of one period inz. Computationally,the infinite product can betruncated after
just a few terms for any particularz because the hyperbolic sine terms decay
exponentially.

Fractals may exhibit analogous regularity. Letf map the stripS to the
infinite, self-similar spiral displayed in Figure 4.13. Traveling outward along
either side of the spiral, each successive edge is a factori γ times the previous
one for some constantγ >1. The self-similarity of the sprial implies

i γ f (S) = f (S). (4.8)
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Figure 4.13.Map to a self-similar doubly infinite spiral with similarity factorγ ≈ 1.26.
In principle this SC map is completely described by just two unknowns. (The map is
approximated here by truncation of an infinite product.)

We assignf (−∞) = 0 and f (∞) = ∞. Only one degree of freedom remains
in the map, namely real translation ofS. There are infinitely many prevertices
on each side ofS. If we let zA andzB be adjacent prevertices on the bottom of
S, we can apply (4.8) to conclude

i γ f (z) = f (zB − zA + z), for all z ∈ S. (4.9)

because both sides of the equation map to the same region and are identical
at three points (±∞ and zA). Furthermore, (4.9) is equally valid using the
difference betweenanytwo consecutive prevertices, on either side ofS. So this
separation must be a constant (i.e., the prevertices are uniformly spaced, with
the same spacing on both sides of the strip).

To computef , we need to know just two quantities: the separationzB − zA
and the real offset between prevertices on the top and bottom ofS. These val-
ues are determined by two geometric conditions onf (S): the length ratio of
successive sidesand thewidth of one “leg” of the spiral. This is a simple parame-
ter problem. The infinite product in theSC integrand canagain be truncatedwith
little error. More complicated fractals (e.g., the exterior of the Koch snowflake)
ought to be treatable using similar ideas, in a manner related to multipole
methods [GR88]; some steps in this direction have been taken by Banjai
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Figure 4.14.Map to a symmetric doubly connected region constructed using a rectangle
map with Schwarz reflection.

[Ban00]. As a practical matter, however, one may get good results bytrun-
cating the fractal at a finite level of refinement and applying standard SC
maps. See [BP93] for an example in the study of drag in fractally bounded
channels.

4.6 Reflections and other transformations

So far we have focused on transforming the canonical domain in order to
make imposing certain boundary conditions easier or to avoid numerical ill-
conditioning. We can also transform the image domain, thereby extending the
range of regions that can be mapped.

One important type of such transformations is reflection, which produces
symmetric regions. Symmetry is a powerful tool in conformal mapping that
appears in many applications (for examples, see [Her82, Hug75]). We have
already seen some examples in Figure 2.7. As another example, consider the
symmetric, doubly connected polygonal region on the right in Figure 4.14. We
can map half of the region to a rectangle, which by suitable scaling and expo-
nentiation becomes half of an annulus. Schwarz reflection allows us to fill in the
other half of the annulus and map to the full region.3 In Figure 4.15, reflection
is applied to the rectangle infinitely often to make a strip. The result is a map to
a symmetrically regular channel. For an application that makes significant use
of symmetry, see section 5.9.

3 Reflection also plays a key role in one derivation of the SC map to general doubly connected
regions. See section 4.9.
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Figure 4.15.Map to a symmetrically periodic channel by repeated reflection of a
rectangle map.

Möbius transformations are another interesting way to transform certain
polygonal regions. In particular, if any number of circular arcs and straight-
line segments meet at a single point, that point can be mapped to infinity and
the intersecting sides straightened out. The resulting region is then suitable
for an SC map. Some examples of this idea are illustrated in Figure 4.16.
These regions are presented as remindersthat polygonsmay hide in unexpected
places!

4.7 Riemann surfaces

The classical SC formula is derived under the assumption that the interior angles
satisfy

n∑
k=1

(αk − 1) = −2.

In otherwords, the exterior turns add up to 2π, or onewinding about any interior
point. The formula can be extended [Chr70b, Gil49, Goo50, Sch69b], however,
to find the mapf from the upper half-plane in the case where

n∑
k=1

(αk − 1) = −2(b+ 1),

whereb is a natural number. Such a region is no longer planar but a Riemann
surface withb+ 1 sheets.4 The sheets attach at pointsσ1, . . . , σb, which are
branch points of the multivalued mapf −1 to the upper half-plane.

4 Not every self-intersecting polygonal region is a multisheeted surface, however, and the standard
SC formula is fine for any single-sheeted region.
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Figure 4.16.Maps usingM¨obius transformation to straighten circular arcs. The left side
shows standard SC maps; on the right are the images of those regions under certain
Möbius transformations.

The argument principle implies thatf ′ must haveb zeros in the upper half-
planeH+. These pointss1, . . . , sb are the preimages of the branch points. We
therefore introduce the factors(z− sk) to f ′. To keep them from affecting
arg f ′ on the real axis, we also must multiply by(z− s̄k). The map fromH+
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to a Riemann surface is thus

Schwarz–Christoffel formula for a Riemann surface

f (z) = A+ C
∫ z b∏

k=1

(ζ − sk)(ζ − s̄k)
n−1∏
k=1

(ζ − zk)
αk−1 dζ (4.10)

Because M¨obius transformations map inverse points to inverse points, the disk
formula can be written as

f (z) = A+ C
∫ z b∏

k=1

(ζ − sb)(1− ζ s̄b)
n∏

k=1

(
1− ζ

zk

)αk−1

dζ, (4.11)

wheres1, . . . , sb are in the unit disk.
The extra 2b real unknowns (the roots off ′) are determined by requiring

that f (sk) = σk for k = 1, . . . ,b. These unknowns can be transformed to in-
corporate their natural constraints implicitly. Overall the solution methodology
is a fairly minor modification of the usual SC problem.Figure 4.17 illustrates
a map to a Riemann surface.

Even though the map to a fully specified, polygonally bounded Riemann
surface is readily computed, the reader is urged to think twice before pursuing
this technique for anapplication. In someapplications (see sections 5.3 and5.4),
Riemann surfaces arise naturally, but the geometry is discovered, not specified
in advance; in other cases (such as the situation discussed in section 5.6 and
[ET86]), they arise in some formulations of a problem but can be avoided by
more careful ones.

4.8 Gearlike regions

A gearlike region is a Jordan region whose boundary segments are all ei-
ther arcs of circles centered at the origin or segments of rays emanating from
the origin. See Figure 4.18. The interior angles of such a region are integer
multiples ofπ/2. The SC map to such regions was described originally by
Goodman [Goo60] (who seems to have first applied the termgear in this con-
text) and later by Mason and Jackson [JM87] and by Pearce [Pea91] (who
implemented it numerically).

Figure 4.19 shows the logarithms of the regions of Figure 4.18. Each is a
Riemann surface whose boundary is made up of horizontal and vertical line
segments. One sheet of each surface is shown; dashed lines are to be identified.
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Figure 4.17.Map to a three-sheeted Riemann surface. The unbounded region at top
right has three sheets and two branch points (shading indicates winding number). At top
left are shown the inverse images of the verticesand the branch points for the SC disk
map. The lower two rows show loops around each prebranch point; in the image, each
loop circles twice about its central branch point. To enhance clarity, curves have been
shaded.
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Figure 4.18.Maps to gearlike regions. At the upper right themap is from the half-plane;
in the other cases, it is from the disk.

Notice that the appropriate condition on the interior angles is

n∑
k=1

(αk − 1) = 0,

which corresponds to zero total turn. If the origin is on the boundary ofP (as
in the upper right of Figure 4.18), only one sheet is needed, and an ordinary SC
map to logP is possible.

To proceed in the general case, we note that themap log( f (z)) from the disk
to logP should have the usual SC boundary behavior. However, if we evaluate
this map around a loop enclosing the origin, we should increase its value by
2π i . Hence the integrand for logf should include a pole with nonzero residue
at the origin:

(log f (z))′ = Cz−1
n∏

k=1

(
1− z

zk

)αk−1

. (4.12)
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Figure 4.19.Logarithms of the gearlike regions in Figure 4.18.

The residue of the right-hand side at zero isC
∏

(1)αk−1 = C, so we should
chooseC = 1. (The choiceC = −1 would be appropriate for an exterior map.)
We have obtained

Schwarz–Christoffel formula for a gearlike region

f (z) = exp

[
A±

∫ z

ζ−1
n∏

k=1

(
1− ζ

zk

)αk−1

dζ

]
(4.13)

We have implicitly imposed the conditionf (0) = 0, so only one degree
of freedom remains in the map (rotation of the disk). Hence there aren− 1
unknowns in the parameter problem. Since logf does not have a free multi-
plicative constant, we may not rescale the SC image. Moreover, the periodicity
of logP is an additional constraint beyond then− 2 side lengths that determine
a regular polygon (see Theorem 3.1). Therefore,n− 1 side length conditions
are needed to specify logP correctly.

The map to gearlike regions was described fully by Pearce [Pea91], who
also made his software available (see section 3.6).
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Figure 4.20.Notation for the doubly connectedmap.

4.9 Doubly connected regions

The SC formula can be extended to doubly connected regions. SupposeP is
bounded by an outer polygon,�0, and an inner polygon,�1. The vertices and
interior angle parameters of�0 are denoted byw01, . . . , w0m andα01, . . . , α0m;
some of thew0k may be infinite and thus−2≤ α0k ≤ 2 as with the simply
connected case. The inner boundary�1 hasn vertices,w11, . . . , w1n, which we
require to be finite.5 The angle parameters of�1 are measured in the interior of
P and satisfy 0< α1k ≤ 2. See Figure 4.20. From these definitions it is clear
that

m∑
k=1

α0k = m− 2,
n∑

k=1

α1k = n+ 2.

It is well known [Hen86] that there is a unique numberµ > 0 such that
there exists a conformal mapf from the annulusAµ = {z :µ < |z| < 1} to P.
This map extends continuously to the boundary so that|z| = µ maps to�1 and
|z| = 1 maps to�0. The valueµ−1 is known as theconformal modulus of
P. The map has one degree of freedom, corresponding to rotation ofAµ. Let
z01, . . . , z0m andz11, . . . , z1n be the prevertices of�0 and�1 on the outer and

5 The 0 and 1 subscripts are conveniently reminiscent of “outer” and “inner.”
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inner bounding circles ofAµ, respectively. We have|z0k| = 1 and|z1k| = µ.
We setz0m = 1 to make the map unique.

Application of the basic geometric principle (4.1) is complicated by the
presence of two distinct boundary components. We must straighten both com-
ponents simultaneously in such a way that when a prevertex image is translated
to the origin, the argument of the complementary component is constant. Our
approach here is a geometric interpretation of a derivation by DeLillo, Elcrat,
and Pfaltzgraff [DEP01]. As we shall see, the geometric viewpoint leads quite
naturally to the elliptic functions used in practical computations.

Let z0k �= 1 be a vertex on the outer circle|z| = 1. The map

1− (z/z0k)

1− z
(4.14)

straightens out the outer circlewhilemapping the inner circle|z| = µ to another
circle (see the left-hand side of Figure 4.21). Hence the argument on the inner
circle is not constant. We would like to correct for this by multiplying the map
by a function that is analytic inAµ andwhich takes values conjugate to (4.14) on
|z| = µ. Simply conjugating (4.14)would not do, since the result is not analytic.
However, reflecting (4.14) across the image of|z| = µ leaves its value there
unchanged. Since reflections are preserved byM¨obius transformations, wemay

Aµ

z0k

00

Figure 4.21. First steps toward the doubly connected map. One map appropriately
straightens out the outer circle of the annulus but affects the argument on the inner
circle (left, (4.14)). By reflecting through the inner circle either before or after mapping,
another map can be used to cancel that effect (right, (4.15)).
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first reflect inAµ across|z| = µ and then apply (4.14). After conjugation, the
result is

(
1− µ2/(z z0k)

1− µ2/z

)
= 1− µ2/(zz0k)

1− µ2/z
= 1− µ2(z0k/z)

1− µ2/z
, (4.15)

where in the last step we have used the fact that|z0k| = 1. As required, this
function is analytic inAµ. The right-hand side of Figure 4.21 illustrates the
action of (4.15) (actually, its conjugate) on the boundary of the annulus.

Although the problem on the inner boundary|z| = µ has momentarily been
resolved, the behavior on the outer boundary|z| = 1 has been corrupted. To
compensate, we again reflect (this time through|z| = 1), apply the most recent
map (4.15), and conjugate. The result is

(
1− µ2z0k z̄

1− µ2z̄

)
= 1− µ2(z/z0k)

1− µ2z
.

Now, though, this correction has reintroduced variation of the argument on
|z| = µ. If we continue correcting alternately on the two parts of the boundary,
we get the infinite product

1− (z/z0k)

1− z
· 1− µ2(z0k/z)

1− µ2/z
· 1− µ2(z/z0k)

1− µ2z
· 1− µ4(z0k/z)

1− µ4/z
· · · . (4.16)

The convergence of the sequence of repeated reflections is illustrated in
Figure 4.22: the prevertexz0k is mapped to zero, the outer boundary is mapped
to a straight line, and the inner boundary is mapped to a radial segment.

At this point it is useful to introduce the theta function

�(z, µ) =
∞∏
j=1

(1− µ2 j−1z)(1− µ2 j−1z−1). (4.17)

This function is closely related to the classical Jacobi elliptic theta functions
[Hil59, Lan87].Wewill henceforthomit theexplicit dependenceonµ to stream-
line the notation. With this definition, the product (4.16) simplifies greatly to

�

(
z

µz0k

)

�

(
z

µ

) . (4.18)

Convergence is no problem here, though we omit the details. This map intro-
duces a jump in argument at a single prevertex on the outer part of the boundary.
If the infinite reflection procedure is applied for a prevertexz1k on the inner
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Figure 4.22.Convergence of a doubly connected SC factor. By alternately straight-
ening the outer and inner boundaries of the annulus (left and right), one converges to
a map (4.18) which straightens both simultaneously (bottom) and thus has constant
argument on one boundary component and constant argument with a single jump on the
other. (Although it can be hard to see here, there is always a gap between the dot and
the other boundary component.)
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boundary, starting the reflections through|z| = 1 and usingz1k = µ2/z1k, the
resulting map is

1− (z1k/z)

1− µ/z
· 1− µ2(z/z1k)

1− µz
· 1− µ2(z1k/z)

1− µ3/z
· 1− µ4(z/z1k)

1− µ3z
· · ·

=
�

(
µz

z1k

)

�
(
z
) .

(4.19)

We are close to a form forf ′, the derivative of the doubly connected SC
map. A first attempt is

m∏
k=1




�

(
z

µz0k

)

�

(
z

µ

)



α0k−1

n∏
k=1




�

(
µz

z1k

)

�
(
z
)




α1k−1

. (4.20)

This form has piecewise constant argument on the inner and outer boundaries,
with appropriate jumps. However, the geometry of circles is such that piecewise
constant is not quite right forf ′. In (4.2), for example, we had to multiply by
(1+ z)−2 to obtain the proper behavior. In fact, arg(z f ′)must be kept piecewise
constant. Fortunately, we note that if|u| = 1,

arg�(u) = arg
∏

|1− µ2 j−2u|2 = 0,

arg�(u/µ) = arg(1− u) + arg
∏

|1− µ2 j u|2 = 1
2 argu+ const,

arg�(µu) = arg(1− ū) + arg
∏

|1− µ2 j u|2 = − 1
2 argu+ const.

Hence

arg

([
�

(
z

µ

)]2
[�(z)]−2

)
= argz

if |z| = µ or |z| = 1. These results mean that we can remove the denominators
in (4.20) and obtain the correct boundary behavior. Finally, we obtain

SC formula for a doubly connected region

f (z) = A+ C
∫ z m∏

k=1

[
�

(
ζ

µ z0k

)]α0k−1 n∏
k=1

[
�

(
µ ζ

z1k

)]α1k−1

dζ (4.21)
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This formula is derived rigorously in [DEP01, Hen86, Kom45]. As is pointed
out in [DEP01], there are SC singularities at the prevertices and all of their
images under reflections through the boundary of the annulusAµ. Note also
that a logarithm maps the annulus to a rectangle, and the repeated reflections
just expose the doubly periodic nature of elliptic functions.

In hindsight, we could have derived the strip map (see section 4.2) in the
same manner, reflecting alternately across the two sides of the strip. The key
identity is

(z− zk)

(
1− z− zk

2i

) (
1+ z− zk

2i

) (
1− z− zk

4i

)
· · ·

= 2

π
sinh

[π

2
(z− zk)

]
.

The resultingfactor is exactly the same as (4.3). Here our reflectionslead us to
a singly periodic function.

A numerical implementation of the doubly connected SC map faces three
major issues not present in the simply connected case. These were all noted and
effectively dealt with by D¨appen [Däp87, Däp88] and Hu [Hu95, Hu98]:

1. The theta function (4.17)must be computedefficiently. It can beexpressedas
a series, and, if certain identities are used to speed convergence nearµ = 1,
no more than eight terms are needed to get full double precision.

2. Integration paths must be chosen carefully because a convenient straight-
line path often passes outside ofAµ. (Since the integrand is also analytic for
µ2 < |z| < µ, not every such path is forbidden.) In general one may take a
segmented path using arcs of circles and segments of radii.

3. Themodulusµ−1must be considered an unknown in the parameter problem.
It is convenient to transform the constrained parameter0< µ < 1 to the
unconstrained quantity

1

µU − µ
− 1

µ − µL
,

whereµL andµU are bounds forµ. Hu [Hu98] recommended usingµL > 0
andµU < 1 to speed convergence in the solution of the parameter problem.

Examples of doubly connected maps computed using Hu’s DSCPACK are
shown in Figure 4.23. Following [D¨ap87, Däp88], we point out that the map
representedbyFigure4.22hasanother use: upon takinga logarithm, oneobtains
an infinite channel with a parallel slit. This transformation can be useful as a
computational domain for problems of flow with an obstacle.
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2.457 1.238

2.532

2.652
1.704

3.610

Figure 4.23.Examples of doubly connected SC maps. Underneath each map is shown
the conformal modulus,µ−1. These images were computed using Hu’s DSCPACK.

4.10 Circular-arc polygons

A circular-arc polygon is a closed curve consisting of finitely many arcs of
circles as well as straight-line segments. This extension is a major change in
geometry and invalidates our guiding principle (4.1). Hence we revert to an
analytic description of the map, using ideas that go back to Schwarz’s original
paper [Sch69b].
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Recall that in the proof of Theorem 1.1 in section 2.2, the key element
was the invariance off ′′/ f ′ under linear (affine) transformation—the kind
of transformation that results from two reflections. Similarly, two reflections
through circular arcs always produce a M¨obius transformation, so the key
to an SC map in this case will be an expression inf and its derivatives
that is invariant under M¨obius transformations. Such an expression is the
Schwarzian,

{ f, z} =
(
f ′′(z)
f ′(z)

)′
− 1

2

(
f ′′(z)
f ′(z)

)2

.

As before, at a prevertex of the circular-arc polygon, the map has the form
(z− zk)αkψ(z) for analyticψ . (This always creates a wedgewith straight sides,
but thosecanbemapped to circular arcsbyM¨obius transformationwhile leaving
the Schwarzian unchanged.) Taking the Schwarzian, we obtain

1

2

1− α2
k

(z− zk)2
+ γk

z− zk
,

where, as usual,παk is the interior angle, and

γk = 1− α2
k

αk

ψ ′(zk)
ψ(zk)

.

These are the only singularities in{ f, z}, and Liouville’s theorem implies

SC differential equation for a circular-arc polygon

{ f, z} = 1

2

n∑
k=1

1− α2
k

(z− zk)2
+

n∑
k=1

γk

z− zk
(4.22)

For all the details of the derivation, see [AF97, Neh52, Sch69b]. To define
the equation for maps from the unit disk, write (4.22) as{ f, z} = S(z) and let
φ(z) = i (1− z)/(1+ z) be a map of the disk toH+. Then

{ f, z} = S(φ(z))[φ′(z)]2

is the disk formula [BG87].
Equation (4.22) isa third-orderdifferential equation for themapping function

f . The unknown parameters are the preverticesz1, . . . , zn and the new values
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γ1, . . . , γn. They satisfy the following constraints:

n∑
k=1

γk = 0,

n∑
k=1

[2γkzk + (1− αk)
2] = 0,

n∑
k=1

[
γkz

2
k + (

1− α2
k

)
zk

] = 0,

as well as the usualz1 < · · · < zn. Note that there is no longer a constraint on∑
αk, as the geometry is more flexible.
As alwayswith simply connected regions, there are three degrees of freedom

in the map. To specify the mapping functionuniquely, we can givef , f ′, and
f ′′ at a point. (Modifying these conditions corresponds to applying a M¨obius
transformation to the image.) Equivalently, we could specify the locations of
three prevertices instead. Thus a polygon with three arcs (a circular triangle)
requiresnoparameter problem tobesolved, and in fact themapcanbeexpressed
in terms of hypergeometric functions [GR94]. Such maps, and their inverses,
haveapplications in the studyof relativity and integrable systems; for a thorough
discussion, see [AF97, Example 5.8.2].

In the general case, the parametersγ1, . . . , γn are a serious new obstacle
to numerical implementation. The core of the difficulty appears to be that they
cause the nonlinear system of equations describing the parameter problem to be
highly ill conditioned. Another complication arises when an angleαk is equal
to 0, 1, or 2, signaling that two arcs meet tangentially. In that case the preceed-
ing discussion and formula need to be modified becausef has a logarithmic
singularity atzk.

Two attempts, detailed in [BG87] and [How93], have been made to imple-
ment the circular-arc formula numerically in a general setting. The method of
Bjørstad and Grosse uses thedisk formulation and performs integration from
the origin to the midpoints of prevertex arcs. The vertices are found as the
intersections of arcs (assuming noninteger values ofα). This approach avoids
the singularities in the differential equation but breaks down in the presence
of crowding. Their software is available from Netlib (see section 3.6). Howell
improved the performance of the numerical integration by integrating along the
boundary of the half-plane, thereby using only real arithmetic, and by trans-
forming the singularities away. (A different form of the equation must be used
if the integration extends into the half-plane.) Howell also transformed the
γ -parameters to improve conditioning somewhat, but ill-conditioning persists,
and the solution of the parameter problem remains quite difficult in general.
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Figure 4.24.Maps to circular-arc polygons. Data for these plots were produced by Louis
Howell using unreleased FORTRAN software.

However, one can find maps to many interesting regions in practice, as illus-
trated in Figure 4.24.

Computational use of the circular-arc map is considerably more difficult
than in the straight-side case, and neither of the two implementations descibed
previously is as robust or powerful as other SC software. Perhaps a new idea,
such as a geometric interpretation of the Schwarzian and theγk parameters, is
needed before fully satisfactory circular-arc polygon software can be written.

4.11 Curved boundaries

Although the essence of classical Schwarz–Christoffel mapping is to account
for corners, it is possible to adapt the idea to smooth, curved boundaries. For
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example, since corners induce singularities that may be numerically or phys-
ically undesirable (see Figure 2.8 and the discussion on page 18), it has been
suggested that the standard SC factors be replaced by arbitrary functions that
introduce a rapid but smooth change of argument in the derivative of the map
[Hen48, Hen86]. This process tacitly assumes that the geometric details of the
rounding may not be important and so need not be controlled.

Of much greater interest is the map to a specified, piecewise analytic bound-
ary. A general curved boundary can be viewed as having a turning tangent at
every point, not just at finitely many points as in a polygon. It has been noted
many times that the basic SC idea of introducing the proper turn along the
boundary can be generalizedto this situation [CS92, Dav79, DE93, Lea15,
Woo61]. We first rewrite the classical half-plane formula:

f ′(z) = C
∏
k

(z− zk)
αk−1 = C exp

(
−

∑
k

(1− αk) log(z− zk)

)
.

Recall thatπ(1− αk) is the exterior turning angle at the vertex (i.e., the change
in thedirectionangle of the tangent). In thegeneral case, letθ(x)be thedirection
angle of the tangent to� at the image point of the real valuex. Then the SC
formula naturally extends to

SC formula for curved boundary

f (z) = A+ C
∫ z

exp

(
− 1

π

∫ ∞

−∞
log(ζ − x)dθ(x)

)
dζ (4.23)

At a true corner in�, dθ includes a Dirac delta contribution that integrates to
recover a standard SC term.

The primary difficulty in applying (4.23) is determining the unknown func-
tionθ(x). Indeed, determining theboundary correspondenceis the key step in
mostnumericalmethods for conformalmapping—theclassicalSCprevertexpa-
rameter problembeing a special case. Davis [Dav79] used a piecewise quadratic
representation ofθ(x) and midpoint quadrature in a boundary element method
to find f ′(z). (Upon integration this form becomes piecewise cubic, allowing
points and slopes to be matched on the boundary at the breakpoints.) Finding
the boundary correspondence in this case reduces to finding the preimages of
the breakpoints on�. The ability to build in accurate treatment of the cor-
ners of a piecewise smooth boundary is attractive, but other integral equation
methods for conformal mapping are probably preferable and have certainly
received more attention [DeL87, Gai64, Hou90, Kyt98, Tre86, Weg86].



5
Applications

Conformalmapping in general, andSchwarz–Christoffelmapping in particular,
are fascinating and beautiful subjects in their own rights. Nevertheless, the his-
tory of conformal mapping is driven largely by applications, so it is appropriate
to consider when and how SC mapping can be used in practical problems.

It is not our intent in this final chapter to recount everyinstance in which
Schwarz–Christoffel mapping has been brought to bear. Rather, after a brief
look at a few areas full of such examples, we describe some situations in which
SC ideas can be applied in ways that are computational and perhaps not trans-
parent. The most famous application of conformal mapping is to Laplace’s
equation, andwedevote three sections to it. Beyond this it is clear that Schwarz–
Christoffelmapping has a small but important niche in appliedmathematics and
science.

In applications it is common to pose a physical problem in thez-plane, which
maps to a canonical region in thew-plane. This convention runs counter to our
discussion in the earlier chapters, in whichw was the plane of the polygon. In
the following sections weattempt to be consistent with established applications
literature where appropriate.

5.1 Why use Schwarz–Christoffel maps?

Schwarz–Christoffel mapping is an incomparably effective tool for a very spec-
ific sort of problem. The most natural and satisfying application is the solution
of Laplace’s equation in the plane with piecewise constant (and in the case of
derivative conditions, homogeneous) boundary conditions. All elements of this
problem are important to varying degrees—a forcing (Poisson) term or a differ-
ent type of boundary condition makes a big, if not always fatal, difference, and
moving to three dimensions removes conformal mapping from consideration.

75
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Even so, Laplace’s equation is one of themost fundamental in physics, and two-
dimensional insights are still valuable for many phenomena. Less-conspicuous
applications of conformal mapping are also plentiful. For more on the role of
conformal mapping in applications, see [Hen86, SL91].

For problems in which Schwarz–Christoffel mapping is appropriate, it is
very powerful. Many researchers have used SC maps of simple geometries
to get fully analytical solutions to applied problems. Numerical SC mapping
is typically fast and accurate enough that it can also be seen as providing
an explicit, though numerical, solution to such problems. In this regard SC
mapping is quite different from conformal mapping methods based on, say,
integral equations, where the necessary effort and expected accuracy of the
conformal mapping may well be comparable to those associated with solving
Laplace’s equation on the original domain.

One field with an abundance of relevant phenomena is electrical engi-
neering. Standard problems of determining electrical resistance, capacitance,
or electrical or magnetic potential can be solved by mapping to a rectangle
(section 4.3), or, more generally, by the techniques ofsections 5.2–5.4. When
mapping is used as part of a design or inverse iteration, the iteration can often
be moved “inside” the mapping process (see section 5.5). For classical electro-
magnetic applications, see [BL63, Gui50, Hal67, OL96, Pal37]. SC maps have
been applied tomicrowavewaveguides [Cos87, Cos01, GB+01], integrated cir-
cuits [Cha89, Cha92, HD86, KO89, PS99], magnetoresistive disk drive heads
[HLD99], magnetic motors [CCBS00], automatic control [CST95], resistor
trimming [Nic97, Tre84], crack detection [EH96, EIN95], Van der Pauw resis-
tance measurement [Ver83], and the Hall effect [TW86, Ver82].

Another of the major classical sources of conformal mapping applications is
fluid mechanics. Applications in potential flow go back to the nineteenth cen-
tury and are described in numerous books such as [Lam45]. The special case of
potential flows involving jets, wakes, and cavities has an equally long literature
going backto the 1860s, just like the Schwarz–Christoffeltransformation itself;
see section 5.6. Because real flows usually involve vorticity and separation or
three-dimensional effects, conformal mapping is used less often than it used to
be to provide explicit solutions of flow problems. However, it remains impor-
tant as a tool for imposing no-flow boundary conditions in more complicated
fluid mechanics calculations via mapping of a complicated 2D flow domain
to a half-plane, where the method of images can be applied [GC87,Mil96,
PH95].

Mesh generation was the primary motivation for some investigators of
numerical SC mapping [ADHE82, Dav79, Hoe86, Ive82, Sku66] and has
been used successfully in applications [BEMR94, CF98, MRB94, SD85].
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Historically, though, mesh generation has played a larger role in the devel-
opment of SC mapping than vice versa. See section 5.7.

5.2 Piecewise-constant boundary conditions

The simplest case of Laplace’s equation occurs when the solution takes a con-
stant valueeverywhereon theboundary. Thisproblem is trivial, of course, unless
some point is singled out to have a different behavior, as in aGreen’s function.
Given a regionD bounded by� and a source pointz0 ∈ D, theGreen’s function
g(z) is defined by the conditions

�g(z) = 0 for z ∈ D\{z0}, (5.1a)

g(z) → 0 for z → �, (5.1b)

g(z) ∼ −log|z− z0| for z → z0. (5.1c)

One interpretation of the Green’s function is as the electrical potential in a
vacuum due to a point charge atz0 and a perfectly conducting surface� (both
extended infinitely through the third dimension). In the disk map,z0 is the
conformal center. Thus, Figures 4.1 and 4.2 show equipotentials and flow lines
for a point charge, as the reader’s physical intuition probably assumed. For
the exterior map,z0 = ∞ is the natural choice (in which case (5.1c) reads
g(z) ∼ log |z|), and Figures 4.10 and 4.11 can be interpreted accordingly.

The strip map of section 4.2 solves a slightly different problem: Laplace’s
equation withtwo distinct Dirichlet boundary values. The procedure is illus-
trated in Figure 5.1. The entire boundary is decomposed into two components
corresponding to the boundary valuesφ1 andφ2. Each component is the image

z w

f
φ = φ1

φ = φ2

∆φ = 0

φ1 φ2

φ = Re(w)

Figure 5.1.Solving Laplace’s equation with two Dirichlet boundary values by mapping
to a strip. See also Figures 4.5 and 4.6.
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underz = f −1(w) of one side of the strip. The strip can be rotated, trans-
lated, and scaled as necessary so that its sides are vertical and line up with real
parts equal toφ1 andφ2. In thew-plane, the functionφ = Rew is clearly har-
monic and satisfies the boundary conditions. In terms of the original variable,
we haveφ(z) = Ref (z). Hence each of the pictures in Figures 4.5 and 4.6
can be viewed as a solution to a potential problem with two boundary values.
The images of the strip “ends” are the points whereφ change value, and they
can be selected independently of the geometry (see the right-hand column of
Figure 4.6). A map to a doubly connected region from an annulus can also be
interpreted as the solution to a two-value Laplace problem. In this case the ap-
propriate potential in thew-plane of the annulus is log|w| (see Figure 4.23 for
examples).

In the simply connected case, the procedure is easily generalized toκ > 2
distinct boundary values. First we map a polygonal region onto the half-plane
H+. (Because this straightforward step is implied throughout this and the next
two sections, we will refer to the half-plane variable asz.) This step gives us
points−∞ < x1 < x2 < · · · < xκ−1 < ∞, as well as∞ itself, at which the
boundary conditions may change.1 Givenκ valuesφ1, . . .,φκ , we seek a real
functionφ(z), harmonic inH+, such that

φ(x) =




φ1, −∞ < x < x1
φ2, x1 < x < x2
...

φκ−1, xκ−2 < x < xκ−1

φκ, xκ−1 < x < ∞,

(5.2)

The solution of this boundary value problem is

φ(z) = Re

[
− i

π

(
φ1 log(z− x1) + φ2 log

(
z− x2
z− x1

)

+ · · · + φκ−1 log

(
z− xκ−1

z− xκ−2

)
− φκ log(xκ−1 − z)

)]
. (5.3)

(Caution is needed with branch cuts; it may bemore convenient in computation
to use+φκ log[1/(xκ−1 − z)] in place of the last term in (5.3).) It is easy to
verify thatφ satisfies the stated boundary conditions. Figure 5.2 illustrates a
solution obtained by this formula.

1 Throughout this discussion and the next two sections, we ignore the potentially serious compu-
tational issue of crowding. See sections 2.6 and 3.4.
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−1

1
2

−1

1

2

×1 ×2 ×(−1)

Figure 5.2.Components of a harmonic function with piecewise-constant boundary val-
ues. At top, the problem is posed on a square with three distinct boundary values. In the
middle, the problem is transplanted to the half-plane. The bottom row shows how each
boundary component contributes linearly to the final solution according to (5.3).

We have foundφ(z) as the real part of an analytic mapf (z). Differentiating,
we obtain

d f

dz
= − i

π

[
φ1

z− x1
+ φ2(x2 − x1)

(z− x1)(z− x2)
+ · · · − φκ

z− xκ−1

]

= i
p(z)

(z− x1)(z− x2) · · · (z− xκ−1)
, (5.4)
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where p(z) is a real polynomial of degree at mostκ − 2. Clearly, f is a
Schwarz–Christoffel map! We summarize this observation as follows.

Theorem 5.1.Given m> 1, real valuesφ1, . . . , φκ , and−∞ < x1 < x2 <

· · · < xκ−1 < ∞, there exists a unique real polynomial p of degree at most
κ − 2 such that

φ(z) = φ1 + Re

[
i
∫ z

x1

p(ζ )

κ−1∏
k=1

(ζ − xk)
−1 dζ

]
(5.5)

is the unique harmonic function in H+satisfying(5.2).

An examination of (5.4) reveals that ifxj is a root ofp(z), thenφ j = φ j+1.
In other words, a common factor in the fraction of (5.4) occurs if and only if
two adjacent boundary values are equal; hence, no special treatment is needed
between them. Similarly, theleading term ofp is (φ1 − φκ)zκ−2. If φ1 = φκ ,
then no special behavior is needed at infinity, and the map will reflect this.

Suppose that we exclude these degenerate situations. Thenx1, . . . , xκ−1 are
mapped byf to infinity in such a way that adjacent edges are tangent there. The
real roots ofp(z) are mapped to the tips of slits. Ifp hasκ − 2 real roots, then
the exponents in the integrand of (5.5) sum toκ − 2− (κ − 1) = −1, and thus
f maps∞ to∞ with tangent sides as well. Ifκ ≥ 4, complex conjugate roots
are possible. Each pair of complex roots forp removes two slits, the sum of
exponents decreases by 2, and the image underf is amultiple-sheetedRiemann
surface (see section 4.7). In every case, the imageunderf has only vertical sides
because those correspond to piecewise-constant Dirichlet conditions. Some
possibilities for four distinct boundary values (κ = 4) are shown in Figure 5.3
for an L-shaped region. Examples for other regions are shown in Figure 5.4.

In summary, here is the solution procedure for the piecewise-constant
Dirichlet problem for Laplace’s equation in a polygon:

1. Find an SC map to transplant the polygon to the upper half-plane, solving
the usual nonlinear parameter problem.

2. Find a second SC map (5.5) whose integrand involves the “jump points” on
the boundary as found in step 1, times a polynomial term that can be deduced
from the same data.

3. Take the real part of the composite map.

Of course, in practice it ismuch easier to use (5.3) than the seemingly circuitous
step 2. But in the next two sections we shall see that step 2 can be modified
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Figure 5.3.Examples of harmonic functions with the boundary values 1 (white), 2, 3,
4 (medium gray) in different orderings on an L-shaped domain. Each function is the
real part of the map to the region at the right. Level curves are shown on the left, and
the image of one point is shown for reference. Arrows on the right correspond to a
counterclockwise traversal around the L. The region at bottom right is a two-sheeted
surface.
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1

2

4

1 2

4 5

1

2

3

4

5

Figure 5.4.More examples of harmonic functions with piecewise-constant Dirichlet
boundary data. Level curves are shown in both the original (left) and target (right)
geometries. Boundary values are indicated in the left column.
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slightly to solve Laplace problems that have derivative boundary conditions on
some sides.

5.3 Alternating Dirichlet and Neumann conditions

In the previous section we showed that Laplace’s equation with piecewise-
constantDirichlet boundary conditions can be solved by composing two SC
maps, onestandardandonewhose integrand isa rational function. In this section
we solve the related problem wherein Dirichlet valuesare interleaved with
homogeneous Neumann (normal derivative) conditions.2 Techniques closely
related to those in this section have appeared numerous timesin the literature;
for example, see [ET99, LL83, Ver83, Wid69].

As in the preceding section, we assume that a problem on a polygon is first
transplanted to the half-plane, whose variable we callz. The real axis is there-
fore divided into intervals (determined by the original geometry) on which
we alternate constant Dirichlet and homogeneous Neumann conditions. In
section 5.2 we mapped the real axis to a polygon with all vertical sides because
taking the real part led naturally to Dirichlet conditions. Here the appropriate
image geometry is a polygon with alternating vertical and horizontal sides, cor-
responding to Dirichlet and homogeneous Neumann conditions, respectively.
We have seen such behavior before, from rectangle maps (section 4.3). Every
plot in Figures 4.8 and 4.9, for instance, can be interpreted as a solution to a
potential problem with D/N/D/N boundary conditions. The Dirichlet values, as
with the strip, can be adjusted arbitrarily by real scaling and translation.

Unlike the situation with the strip, where two adjacent Dirichlet values cause
a logarithmic singularity, the rectangle leads to a continuous, regular solution.
AsFigure5.5 suggests, however, infinitelymanyunboundedsolutionsarepossi-
ble. Indeed, if one tries to draw pictures for the simpler case of just one constant
Dirichlet interval, one soon (and correctly) concludes that all valid pictures lead
to unbounded solutions. Since any point in a Neumann interval may map to in-
finity, there are uncountably many unbounded solutions for every problem.

In some applications, unbounded solutionsmight be appropriate (for one ex-
ample, see section 5.9). But if we exclude them, the standard theory of harmonic
functions [Joh82] assures us that the solution of the boundary-value problem
is unique. In the case of one Dirichlet interval, the solution is constant. In a
problem with two or more intervals, just one map corresponds to the bounded
solution.Hence the rectangle completely solves theboundedD/N/D/Nproblem.

2 Inhomogeneous derivative conditions do not transplant trivially and therefore are much less
amenable to conformal mapping.
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φ1

φ1

φ1
φ2

φ2

φ2

Figure 5.5.Solutions to the D/N/D/N Laplace problem. As the real parts of these images
suggest, infinitelymany solutions are possible, but the only bounded solution is provided
by the map to a rectangle.

We now generalize the rectangle to any numberκ > 1 of Dirichlet values.
Figure 5.6 suggests how to find a harmonic functionφ with κ = 3. We look for
an SC map from the half-planeH+ such that the three intervals on which the
solution is constant are each mapped to vertical segments, while the rest of the
real axis maps to horizontal sides. The real part of any such map automatically
satisfies the propertypesof boundary conditions, but the vertical sidesmust also
have prescribed locations. The usual scaling and translation can assign only two
of them. To get the flexibility needed for the remaining value, we introduce a
new factor in the SC integrand corresponding to a slit, which does not change
the angle a side makes with the positive real axis.

φ1

φ1

φ2

φ2

φ3

φ3

Figure 5.6.Solutions of alternating Dirichlet-Neumann problems with three prescribed
Dirichlet values. The real part of each map provides the solution. A slit, whose location
is determined by the original geometry and the three prescribed values, is needed to keep
the solution bounded.
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The endpoints of the Dirichlet intervals are given (perhaps deduced from
an original polygonal geometry), and the values to be taken byφ on them are
prescribed. Thus the only unknowns are the location of the slit and the global
scaling and translation. What makes the problem remarkable—and this is not
geometrically obvious in Figure 5.6—is that the associated parameter problem
is linear, and this fact is true regardless of the number of Dirichlet values being
assigned.

Theorem 5.2.Letκ > 1, real valuesφ1, . . .,φκ , and disjoint real intervals

I1 = (−∞, x1)
I2 = (u2, x2)
...

Iκ = (uκ , xκ), xκ < ∞

be given. Then there is a unique real polynomial p(z) of degree no greater than
κ − 2 such that

φ(z) = φ1 + Re

[ ∫ z

x1

p(ζ )(ζ − x1)
−1/2

κ∏
j=2

(ζ − u j )
−1/2(ζ − xj )

−1/2 dζ

]

(5.6)

(where the principal branch of the square root is understood) is the unique
bounded harmonic function in the upper half-plane such thatφ(x) = φ j if
x ∈ I j and∂φ/∂n = 0 for x �∈ ∪ j I j .

Proof. Without any loss of generality, we assume that the intervals are given in
order, so thatxj < uk if j < k. Define

g(z) = (z− x1)
−1/2

κ∏
j=2

(z− u j )
−1/2(z− xj )

−1/2, (5.7)

and consider the(κ − 1) × (κ − 1) matrix

M =




∫ u2

x1
g(ζ ) dζ

∫ u2

x1
ζg(ζ ) dζ · · · ∫ u2

x1
ζ κ−2g(ζ ) dζ∫ u3

x2
g(ζ ) dζ

∫ u3

x2
ζg(ζ ) dζ · · · ∫ u3

x2
ζ κ−2g(ζ ) dζ

...
...

...∫ uκ

xκ−1
g(ζ ) dζ

∫ uκ

xκ−1
ζg(ζ ) dζ · · · ∫ uκ

xκ−1
ζ κ−2g(ζ ) dζ



. (5.8)
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We observe thatM is real because the integrands are all real over the intervals
chosen (there is always an even number of imaginary terms ing). Suppose
thatM is singular. Then there exists a real nonzero polynomialq of degree no
greater thanκ − 2 such that the SC map

f (z) =
∫ z

x1

q(ζ )g(ζ ) dζ

satisfies

f (u2) − f (x1) = 0, f (u3) − f (x2) = 0, . . ., f (uκ) − f (xκ−1) = 0.

By the nature of the integrand forf , this situation can happen only ifq has one
root inside each of the Neumann intervals(x1, u2), (x2, u3), . . . , (xκ−1, uκ).
This would imply thatq has at leastκ − 1 roots, which is impossible. Hence
M is nonsingular.

We now solve the linear system

M




b0
b1
...

bκ−2


 =




φ2 − φ1

φ3 − φ2
...

φκ − φκ−1


 (5.9)

and write p(z) = b0 + b1z+ · · · + bκ−2 zκ−2. Defineφ by (5.6). As the real
part of an analytic function (an SCmap) in the upper half-plane,φ is harmonic.
The exponents of the factors ofp(ζ )g(ζ ) imply that φ is bounded. For real
ζ , p(ζ ) is real, andg(ζ ) is imaginary ifζ is in someI j and real otherwise.
These facts and the imposition of (5.9) guarantee satisfaction of the boundary
conditions. Finally, the uniqueness of SCmapping ensures the uniqueness ofφ,
for otherwise we could use the harmonic conjugate ofφ to construct a different
map to the same region. ��

Apart from the new linear parameter problem, there is much similarity be-
tween Theorem 5.1 and Theorem 5.2. The real roots of the polynomialp cor-
respond to slits in the image, unless they coincide with an interval endpoint to
make a “left turn” into a “right turn.” Complex roots, which can appear in con-
jugate pairs only forκ ≥ 4, decrease the sum of the SC exponents and lead to a
Riemann surface, as described in sections 4.7 and 5.2. Figure 5.7 illustrates this
possibility for theminimal valueκ = 4. In terms of the original boundary-value
problem, one simply concludes thatφ assumes some values more than once in
the region.
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φ1

φ2

φ3

φ4

Figure 5.7.ARiemann surface in the four-value D/N problem. If roots of the parameter
polynomial in Theorem 5.2 are complex, parts of the plane will be covered more than
once.

Indeed, we can recover Theorem 5.1 if we letxk → uk+1 for k < κ, and
xκ → ∞. The SC product mostly telescopes to give exponents of−1 as in (5.5)
(geometrically, the two corners defining a horizontal side retreat to infinity),
while the term(z− xκ)

−1/2 is imaginary on the whole real axis and becomes
the extra factor ofi in that formula. Thus, while we were able to construct the
polynomialp in section 5.2 directly from the problem data, we could also view
it as arising from a linear parameter problem.

Linearparameter problemshaveappeared indiverseplaces in the literature—
for example, in theVan der Pauw resistancemeasurement configuration [Ver83]
and in the zero-dispersion limit of the Korteweg–de Vries equation [LL83].
The idea of Theorem 5.2 is also similar to the “rectified polygon” introduced in
section 3.5. There, however, we had neither slits nor a linear parameter problem
because we were not interested in assigning particular Dirichlet values.

Figure 5.8 displays some further examples of solutions obtainedby Theorem
5.2, for an L-shaped region. Figure 5.9 illustrates examples on a few other
regions.

5.4 Oblique derivative boundary conditions

As described in detail in section 5.3, an SC map can be applied elegantly to
determine a harmonic functionφ (i.e., a solution of�φ = 0) that satisfies
alternating constant Dirichlet and homogeneous Neumann conditions on the
sides of a polygonP. To solve such a problem, we construct (using two SC
maps, one of which has a linear parameter problem) a conformal map ofP
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Figure5.8.Examplesof alternatingD/NsolutionsonanL-shaped region.Everyproblem
domain on the left has the same pattern of Dirichlet and Neumann assignments, and the
same four Dirichlet values 1, 2, 3, 4,but the order of these values is different in each case.
The right column shows the target regions obtained from Theorem 5.2; the solutions are
the real parts of these maps. Level curves of each solution are drawn, and on the left
these are shaded from 1 (white) to 4 (medium gray).
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Figure 5.9.Further examples of alternating D/N solutions, on unbounded regions, for
κ = 3, 4, 5 (top to bottom). The assigned Dirichlet values are shown in each case. At
the top we have plotted flow lines rather than equipotentials. At the bottom, note that
two curves meet at the preimage of a branch point.
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f

Figure 5.10.An oblique derivative problem on an L-shaped region and a map that
suggests a solution.

onto a region bounded by appropriately oriented horizontal and vertical seg-
ments and then take the real part of this map.

In this section we consider a generalization of this idea: finding a har-
monic function that satisfiespiecewise-constant homogeneous oblique deriva-
tive boundary conditions.On sidek of P we are given a directionθk ∈ (−π/2,
π/2], measured clockwise from the interior normal of sidek, in which the
derivative of the solutionφ must be zero. See Figure 5.10. This problem in-
cludes the case of section5.3, forθk = 0 is a homogeneous Neumann condition
andθk = π/2 isaconstantDirichlet condition.Themoregeneral obliquederiva-
tive problem also occurs in applications, as we demonstrate toward the end of
this section.

One solution to the oblique derivative problem isφ = C for any constantC.
Do other solutions exist? How can we find them?

As is suggested by Figure 5.10, the answers come from a simple extension
of the ideas we have already applied. Suppose that we construct a conformal
map f (z) of P onto a domainQ such that along each side ofQ, the oblique
direction arrow forP is oriented in the vertical direction forQ (i.e., sidek of
Q makes an angleθk with the positive real axis). Then we set

φ(z) = Re f (z)

as usual. Along each boundary segment, the derivative off in the indicated
direction is now purely imaginary, and the derivative ofφ is accordingly zero,
as required. Thusφ solves the oblique derivative problem.

To constructf andQ, we proceed along now-familiar lines. First, the prob-
lem domainP is mapped to a canonical domain via a standard SC parameter
problem; for our discussion, we continue to use the upper half-plane. From here
a further SC integral with specified angles is then required to get to the target
domainQ. As in the previous section, the side lengths ofQ are not specified
but are found as part of the solution.
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f

Figure 5.11.Solution of the L-shaped oblique derivative problem of Figure 5.10.

Figure 5.11 plots one result obtained in this way for the L-shaped example
of Figure 5.10. The curves insideP are preimages of vertical lines inQ, which
means thatthey are level curves ofφ. Noticethat here, as in Figure 5.10, the
two vertices ofP indicated by the heavy dots map to points along a side of
Q that are not vertices. This occurs because the boundary condition does not
change at these corners ofP.

The discovered geometry of the imageQ reveals information about the
original problem. For example, in the present case, ifφ = 0 at the upper-left
corner ofP andφ = 1 at the upper-right corner, wemay compute from the
position of the vertices along the boundary ofQ that the values ofφ at the six
corners ofP, beginning with the upper-left and proceeding counterclockwise,
are 0, 0.2599, 0.5498, 1, 0.3267, and 0.1734. The reader who counts contours
will note that eight or nine curves in the rightmost upper vertex of theL are
so small as to be hidden under the thick line for the boundary; something
like a fifth of the total “voltage drop” occurs in this millimeter or so of our
figure.

Since all the boundary conditions of this problem are homogeneous, the
solution is determined only up to a scalefactor. We could multiply it by any
constant (including−1, which would correspond to turningQ upside-down).
Sinceφ = C is also a solution for any constantC, it is clear that there is
a linear space of solutions of dimension at least 2. Could the dimension be
larger? Such questions can be answered by thinking about other possible con-
figurations for the target polygonQ. Evidently the angle at each vertex ofQ is
determined only up to multiples ofπ . This fact alone gives us a vector space
of solutions to the oblique derivative problem whose dimension is countably
infinite.

What shapes canwemake by concatenating a horizontal segment, a diagonal
at angleπ/6 (modπ), another horizontal segment, and a diagonal at angle
3π/4 (modπ)? As we saw in section 5.3 (see Figure 5.5), if vertices ofQ
are permitted to lie at infinity, there are numerous other possibilities besides
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Figure 5.12.Alternative solutions to the L-shaped oblique derivative problem.

those of Figure 5.10, two of which are sketched in Figure 5.12. The prescription
φ = Ref applied to these new shapeswill generate independent but unbounded
solutions to the oblique derivative problem. Since we may permitf (z) = ∞ at
any points along the boundary ofP, the dimension becomes uncountable.

In applications, some of these unbounded solutions may be important, and
one such example follows. But to simplify the discussion (andto keep in step
with section 5.3), let us confine attention for the moment to bounded solutions
φ that extend continuously to the boundary. The technique of solving such
problems by SC mapping was investigated in a generalway by Trefethen and
Williams [TW86]. Here we suppose that the polygonP is first mapped to the
upper half-plane so that the vertices map tox1 = ∞ andx2 < x3 < · · · < xn

on the real axis. We also defineθ0 = θn for convenience.

Theorem 5.3 ([TW86]). A bounded and continuous solutionφ to the oblique
derivative problem attains its maximum and minimum values at at least one
vertex xk satisfying

θk < θk−1, k = 1, . . . , n (5.10)

(and possibly at other points as well). Ifκ is the number of such vertices, then
the solutions form a vector space of dimensionmax{1, κ}. If κ ≤ 1, the only
solutions are the constants. Ifκ ≥ 2 then the solutions in the upper half-plane
take the form

φ(z) = C + Re

{
ei θn

∫ z

X
p(ζ )

n∏
k=2

(ζ − xk)
−π−1[(θk−θk−1)modπ ] dζ

}
, (5.11)

where C is a real constant, p is an arbitrary real polynomial of degree at most
κ − 2, X is any fixed point in(xn,∞), and the branch of each factor in the
product is taken so that its value at X is positive.
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Without attempting a formal proof, let us explain the reasoning behind this
theorem. As we observed earlier, the target imageQ must have sides making
anglesθk with the positive real axis, and we are free to add multiples ofπ to
the interior angles ofQ. This tells us that the interior angle between sidesk − 1
andk must be

θk−1 − θk + (qk + 1)π, k = 2, . . . , n,

for some integerqk. Define

βk = θk−1 − θk

π
.

The exponent in the SC integrand of (5.11) must therefore beβk + qk + mk,
wheremk ≥ 0 is the multiplicity ofxk as a root ofp(ζ ). For the moment, let
k > 1. Nowβk ∈ (−1,1), so to allowevery case inwhich themap is continuous
at xk after integration, we chooseqk = 0 for βk ≤ 0 andqk = −1 for βk > 0.
This selection is precisely what the (modπ ) operation in (5.11) does.

However, we still must considerx1 = ∞. To be consistent withk > 1, we
defineβ1 = (θn − θ1)/π andq1 = −�β1�. Then the exponent of the SC sin-
gularity at x1 must beβ1 + q1 + m1, for m1 ≥ 0. But the exponent implied
by (5.11) is

−2− degp −
n∑

k=2

(βk + qk) = β1 − 2− degp −
n∑

k=2

qk.

Hence

−2− degp −
n∑

k=1

qk = m1 ≥ 0,

which, in light of (5.10), implies degp ≤ κ − 2.
In geometric terms, eachof theκ “naturally” obtuseangles (βk > 0) ofQ can

be replaced by a smaller one. Since the “natural” turns add up to zero, two such
reductions must be left alone just to make the turns sum to−2; the remaining
κ − 2 reductions may be added back in anywhere in the form of slits, viap.
(One may also choose to add back, say, justκ − 4 slits, which corresponds to
complex roots ofp and a multiple-sheetedQ.) The max–min property of the
theorem is a straightforward geometric statement of how an extreme left or
right point ofQ must behave.

Note that Theorem 5.3 is similar to Theorem 5.2 of the last section; in fact,
Theorem 5.3 is a true generalization. In Theorem 5.2 the number of Dirichlet
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values is equivalent toκ in the present context because the end of each Dirichlet
interval corresponds to a drop fromθ = π/2 to θ = 0. (However, since the
Dirichlet values are not prescribed in the present context, no unique solution
is singled out.) As before, the linear nature of the problem is captured by
the polynomialp with arbitrary real coefficients, and the roots ofp affect the
geometry of the imageQ. Depending on their locations, these rootsmaymodify
the angles ofQ, introduce slits into it, or cause it to be multiple-sheeted. If we
imposeκ conditions on the solution (say, values at vertices satisfying (5.10)),
then a linear system can be solved to determinep uniquely. Theorem 5.3 is also
similar to Theorem5.1 of section 5.2, but the insistence oncontinuoussolutions
here ruled out the possibility of different Dirichlet values on adjacent intervals.

Observe that each exponent in the integrand product inside (5.11) is in the
range(−1,0]. In the caseκ = 2 (wherep has no roots that might coincide with
a vertex), this restriction implies thatQ has at most one obtuse angle, at the
image ofx1. All bounded solutions are combinationsof constants andmultiples
of the real part ofQ, so one simple figure describes the solution forκ = 2
completely. (Our L-shaped example of Figures 5.10 and 5.11 hasκ = 2, for
instance.) However, the geometric possibilities (as opposed to the dimension
of the solution space) grow rapidly forκ > 2. Figure 5.13 illustrates some
possibilities for a fixedκ = 4 problem on the L-shaped domain. Figure 5.14
presents solutions on other domains of problems withκ = 2,3,4.

One application of the oblique derivative problem comes from a problem in
electronics, the classical (as opposed to quantum)Hall effect. Our discussion
here is adapted from [TW86]. Under ordinary circumstances, the electrical cur-
rent densityJ in a uniform plate flows in the direction of the electric fieldE
(i.e., the negative of the gradient of the potentialφ). Ignoring the constant of
proportionality, we haveJ = E = −∇φ, whereφ satisfies the Laplace equa-
tion with constant Dirichlet and homogeneous Neumann boundary conditions
on constant-voltage and insulated sides, respectively. If a uniform transverse
magnetic fieldB is applied, however, Maxwell’s equations imply thatJ andE
are no longer collinear. In complex notation,we now obtainE = (1− i B)J,
and the two vectors meet at fixed angleα = sin−1 |B| known as theHall angle:

|J|/|E| = cosα, argJ − argE = α.

This means that if we wish to determine the electric current distribution by
solving a Laplace problem involvingφ, the usual boundary conditions must be
modified. On constant-voltage sides,φ will still be constant; we can enforce
this condition as an oblique derivative boundary condition withθk = π/2. On
insulatedsides, however, thecondition thatJmustbeorthogonal to theboundary
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Figure 5.13.Examples of bounded solutions to a single oblique derivative problem of
indexκ = 4 on the L-shaped domain. The roots of the polynomialp in (5.11) determine
the geometry of the image, whose real part gives the solution. Level curves are drawn,
and on the left these are shaded from smallest (white) to largest (medium gray).
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Figure 5.14.Examples of bounded solutions to oblique derivative problems of indices
κ = 2,3,4 (top to bottom) on various domains. The arrows indicate the directions of
zero derivative. Equipotentials (and, in the top case, flow lines) are shown.
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E E

J J

Figure 5.15.Illustration of the Hall effect by SCmapping. The presence of a transverse
magnetic field in the rectangle on the left makes the electric field along insulated sides
satisfy an oblique derivative condition withθk = π/6, the Hall angle. In the parallelo-
gram resulting from two SC maps (right), the equipotential and currentflow lines are
trivial, and these are readily transplanted back to the rectangle.

now implies thatE does not point along the boundary but meets it at the angle
α. Equivalently,φ satisfies the oblique derivative conditionwith angleθk = α.

The idea of solving such problems by SC maps goes back to Wick [Wic54]
and was further developed by Versnel [Ver82, Ver83]. Figure 5.15 gives an
example. As shown on the left, we consider a rectangular conductor of aspect
ratio 2 withθ = π/2 (i.e., applied potentials) specified on the left- and right-
hand sides andθ = π/6 on the top and bottom. For this problem,κ = 2, so by
Theorem5.3, there is one linearly independent nonconstant bounded solution. It
follows that the parallelogramon the right of the figure represents the only target
region wemust consider. (The two free constants in the solution, corresponding
to scaling and translating the parallelogram, allow us to match the values of the
applied potentials.) The numerical SC map is straightforward, and the trivial
equipotentials and current flow lines in the parallelogram are transplantedback
to the rectangle, where they still meet everywhere at the angleπ/6.

Our second example,reflected Brownian motion [HLS85, Wil95], illus-
trates an oblique derivative problem in which an unbounded solution is of in-
terest. This is an idealized problem arising in queuing theory [Har78, New79]
and storage theory [Wen82]. Our treatment is also taken from [TW86].

As in the last example, for simplicity we choose a rectangle of aspect ratio 2
for our geometry.Consider aparticlemovingat random in the rectangle.Wemay
think of the position of the particle as representing the state of a pair of tandem
queues: thex- andy-coordinates represent how full eachof thequeues is relative
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to its maximum allowable size. Customers arrive and are serviced at random
at equal rates on average; this scenario is the origin of the Brownian motion.
Suppose that if queue 1 becomes empty, it takes customers from queue 2. This
arrangement corresponds to an oblique derivative boundary condition at angle
−π/4 on the left-hand boundary. Similarly, suppose that if queue 2 becomes
full, it transfers customers to queue 1. This stipulation corresponds to an oblique
derviative boundary condition at angleπ/4 on the top boundary. If queue 1
accepts no customers when full and queue 2 processes no customers when
empty, we have Neumann boundary conditions on the other two boundaries.
All together, we now have an oblique derivative boundary condition problem
whose solutionφ represents the probabilitydensity for the tandem system to lie
in a particular state. See Figure 5.16. (The oblique directions do not coincide
with the reflection directions for the wandering particle; those are obtained by
reflecting the arrows through the normals.)

The index of this problem isκ = 1. Thuswe see byTheorem5.3 that the only
bounded solution is a constant. There is one obvious additional condition that a
physically appropriate solution to this problemmust satisfy: sinceφ represents
a probability density, its integral over the rectangle should be 1. This suggests

f

Figure 5.16.Illustration of reflectedBrownianmotion bySCmapping.Aparticle subject
to Brownianmotion in the rectangle at left, with oblique reflections at the boundaries (in
directions parallel to reflections of the arrows through normals), leads to a steady-state
probability distribution given by the real part of themap to the unbounded radial domain
at right. Contours of constant probability (vertical lines at right) are transplanted back
to the original domain.
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that the solution should be the constantφ ≡ 0.5. However, it can be shown that
this solution has the property that a finite amount of probability “leaks out” of
two vertices and reappears at the others—clearly inappropriate behavior.

An additional “corner condition” was derived byNewell [New79] to exclude
this situation. In effect, this condition requires that the image polygonQ for
our conformal map must be a radial domain (i.e., sidek has constant argument
θk). The constant solution violates the corner condition; therefore, we conclude
that the physicallymeaningful solution is unbounded.We omit the details of the
derivation, referring the reader to [TW86], but Figure 5.16 shows the result. SC
mapping gives the solution tomanydigits of accuracy, andwemay calculate, for
example, that the mean position of the queue in steady state is〈x〉 = 1.239964,
〈y〉 = 0.482830.

5.5 Generalized parameter problems

The mainstep of constructive Schwarz–Christoffel mapping is tofind the
unknown map parameters—namely, the prevertices. These parameters are
uniquely determined by the geometry of the target region. In some applica-
tions, however, the geometry may be partially unknown, and instead one or
more auxiliary conditions are to be imposed. Often this situation can be mod-
eled by modifying the equations (such as (3.2)) that are used to determine the
parameters, and the result can be called ageneralized parameter problem.
Such techniques arise often in design and inverse problems.

As an example, consider the problem ofresistor trimming [Tre84]. In this
problem, one has a polygonally shaped electrical resistor that is fabricated to a
slightly lower resistance than is truly desired. A laser is to be used to cut a slit
at a given location in order to adjust the resistance to the correct value. (See
Figure 5.17.) How long should the slit be?

Recall (seesection2.5) thatagivenpolygon,with fourdistinguished “corner”
vertices, can be mapped to a rectangle of a specific aspect ratio, the conformal
modulus. The modulus is equal to the resistance (in appropriate units) of the
polygon. In the trimming problem, the geometry is partly unknown. This gives
us the flexibility to impose the conformal modulus we want. Specifically, the
vertexw∗ at the tip of the slit is unknown. That removes two real equations
from the side-length conditions (3.2). We replace them with the conditions:

• The sides incident onw∗ must have equal length, and

• The conformal modulus must be a given numberR.

In the numerical implementation described in section 4.3, the strip is used as an
intermediate domain for the rectangle map, and the strip parameterL is easily
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Figure 5.17.Resistor trimming problem. A slit of unknown length is to be cut in order
to make the resistance (when voltage is applied on heavy lines) reach a target value.
The SC parameter problem can be modified to impose the resistance (i.e., conformal
modulus) condition directly and solve for the slit length.

linked toR. The resulting generalized parameter problem has a unique solution
provided that the slit, if extended, separates the electrodes.

Wecanalso see the resistor trimmingproblemasan inverse problemof deter-
mining the length of a straight crack in an insulator given a resistance measure-
ment. This problem has applications in nondestructive testing, such as might
arise for aircraft and nuclear reactors. Amore realistic model might be to let the
length, angle, and starting point of the crack all be unknown. For each geometric
unknown, we require a resistance measurement using different corners (seg-
ments of applied voltage), as sketchedin Figure 5.18. If one allows compound
cracks of several segments, more measurements are needed. Not surprisingly,

Figure 5.18.Multiple resistance measurements (applying voltage on heavy lines) can
be used to determine multiple geometric unknowns, such as the starting point, angle,
and length of a crack.
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issues of existence and uniqueness becomemore difficult, as does convergence
for the generalized parameter problem. See [EIN95, Nic97] for details.

A further variation on the idea is discussed by Elcrat and Hu [EH96]. Using
doubly connected SC maps (as described in section 4.9), they show how to
locate cracks that are interior to a polygon. Four resistance measurements are
required to find the endpoints of a linear crack, and so on. At each iteration in
solving the parameter problem, one must map the annulus to a rectangle with
a current-aligned slit, for which the resistance is trivial to find.

5.6 Free-streamline flows

In this section we show that the SC idea can be applied to the classical fluid
mechanics problem of ideal free-streamline flows. These flows arise in the
study of wakes, jets and cavities. The use of complex analysis to study such
flows dates back to 1868 and is due to Kirchhoff and Helmholtz [Hel68]. Good
background references for these ideas are from [Mon83, ST84]; classic older
references include [BZ57, Gil60, Gur65]. However, the classical conformal-
mapping approach often leads to Riemann surfaces of unknown topology and
is difficult to implement in generality. Elcrat and Trefethen [ET86]and Dias,
Elcrat, and Trefethen [DET87] proposed a new, more direct approach that ap-
plies equally well to all polygonal regions, and these papers form the basis of
the discussion here.

A typical situation is wake flow, depicted in Figure 5.19. An ideal incom-
pressible fluid undergoes irrotational flow rightward past an obstacle�. The

z0

z1

z2

zn−1

zn

z∗ v = 0

Γ

Γ+

Γ−

Pz

Figure 5.19.Wake flow past a polygonal obstacle.
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obstacle consists of straight line segments with endpointsz0, . . . , zn. Hereαkπ

is the angle made atzk on the upstream side of�. At an unknownstagnation
point z∗ (assumed to be distinct from the vertices), the flow separates into upper
and lower parts. As the fluid passes past the endsz0 andzn, it does not remain
attached to the other side of the obstacle (that would require infinite acceler-
ation); rather, it flows around awake in which the (complex) fluid velocity
v(z) is zero. The curves�+ and�− separating the wake from moving fluid are
unknown free streamlines determined by|v(z)| = 1, a condition deriving from
the continuity of pressure.

Let Pz be the region of moving fluid. Because the flow is incompressible
and irrotational inPz, v can be interpreted as the gradient of a real, harmonic
potential. In complex terms we can write

v̄(z) = dw

dz
(5.12)

for a new complex variablew(z). The quantity ¯v is called thehodograph
variable and is often given the symbolζ . In thew-plane the obstacle is mapped
to a slit, with the stagnation point mapping to the tip of the slit. See Figure 5.20.
Without loss of generality, we assume thatw∗ = w(z∗) = 0. We make one
further transformation that maps the slit planePw into the upper half-plane.
This new variablex is given by

w = 1
2W(x − x∗)2, (5.13)

whereW andx∗ are real constants chosen so thatx0 = x(z0) = −1 andxn =
x(zn) = 1. Recall thatx∗ = x(z∗) is the image of the stagnation point, which
is a priori unknown.

−1 1w0w1w2

wn−1 wn

w∗
x0 x1 x2 xn−1 xn

x∗

Figure 5.20.Velocity-potential and computational planes in the wake-flow problem.
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We summarize what is known about the relationships between variables:

arg(dz/dw) changes forx ∈ (−1,1) (polygonal obstacle), (5.14a)
only atx1, . . . , xn−1 andx∗

|dz/dw| = 1 for x �∈ [−1,1] (because of (5.12)), (5.14b)

arg(dz/dw) is prescribed atxn (obstacle orientation), (5.14c)

arg(dz/dw) = 0 atx = ∞ (flow orientation). (5.14d)

The first of these conditions is the standard SC requirement. The second con-
dition is new, however, and affects how we meet the first as well. Our goal is to
expressdw/dzas a product, each term of which introduces a jump in argument
at a prevertexwhile affecting neitherthe other prevertices nor condition (5.14b).
An elementary factorgk(x) of dw/dz should have the action depicted in
Figure 5.21: the upper half-plane is mapped to the interior of a semicircle.
Becausexk maps to 0, we get the requisite jump in argument atxk (after ex-
ponentiation byαk − 1). Since the interval [−1,1] maps to the polygonal part
of the boundary, the argument is otherwise constant there. Finally, because the
rest of the real axis maps to the arc of the semicircle,|gk| = 1 there.

To construct a formula forgk, we first suppose temporarily thatxk = 0,
and we sety = gk(x). The Joukowski transformation(y + y−1)/2 maps the
interior of the unit upper semicircle in they-plane to the lower half-plane, with
the circular arc mapping to [−1,1] and the rest of the boundary mapping to the
remainder of the real axis. Hencex = 2/(y + y−1) describesg−1

k . Solving for
y, we find

y = x

1+√
1− x2

.

If xk �= 0, we must first apply the M¨obius transformation(x − xk)/(1− xkx)

−1−1 11 0zk

gk

Figure 5.21.Elementary factor (5.15) in the SC map to a free-streamline flow region.
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to map{−1, xk,1} to {−1,0,1}. Putting all this together, we arrive at

gk(x) = x − xk

1− xkx +
√

(1− x2)
(
1− x2

k

) , (5.15)

and therefore

dz

dw
= ei γπ

[
x − x∗

1− x∗x +
√

(1− x2)(1− x∗)2

]−1

×
n−1∏
k=1

[
x − xk

1− xkx +
√

(1− x2)(1− xk)2

]αk−1

. (5.16)

The exponent of thex∗ term comes from the fact thatw∗ is the tip of the slit
in Pw, and the factorei γπ ensures (5.14c) ifγπ is the angle of siden. To
satisfy (5.14d), we allowx → ∞ and derive a condition onx∗:

x∗ = −cos

(
γπ −

n−1∑
k=1

(αk − 1) cos−1(−xk)

)
. (5.17)

Thus the stagnation point is determined by the other prevertices.
Because the right-hand side of (5.16) is expressed inx, we use (5.13) and

apply the chain rule. This causes a cancellation of(x − x∗), and we finally
obtain

z(x) = A+ W
∫ x

(x − x∗)
dz

dw
dx

= A+ C
∫ x(

1− x∗ξ +
√

(1− ξ2)(1− x∗)2
)

×
n−1∏
k=1

[
ξ − xk

1− xkξ +
√

(1− ξ2)(1− xk)2

]αk−1

dξ. (5.18)

Note thatC = Wei γπ is a complex constant determined by the geometry of�.
The unknown SC parameters are the preverticesx1, . . .,xn−1, and they are

determined byn − 1 ratios of successive side lengths. (The polygonal boundary
here is not closed, son − 3 conditions do not suffice as they did in section 3.1.)
Once theyare foundnumerically, vertical andhorizontal lines in thex-planemap
via (5.18) to equipotentials and streamlines in the physical plane. Furthermore,
the drag and lift forces on the object� are easily computed. By Bernoulli’s
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formula, the pressure at a pointz ∈ � is equal to12|v(z)|2 (assuming a suitable
zero reference and unit fluid density). Therefore the force on a segment from
za to zb is

Fa,b = i

2

∫ zb

za

vv̄ dz= i

2

∫ wb

wa

v(w) dw = iW

2

∫ xb

xa

(x − x∗)v(x) dx.

Since|v| = 1 on the free streamline�−, it can be analytically continued into
the lower-halfx-plane via ˆv(x) = 1/v̄(x̄) (see [Gil60, pp. 350 and 370]). In
other words,

Fa,b = iW

2

∫ xb

xa

(x − x∗)
v̄(x)

dx = iW

2

∫ xb

xa

(x − x∗)
dz

dw
dx.

The total force on� can be obtained by integrating over [−1,1]. By Cauchy’s
theorem, we can integrate over any contour enclosing [−1,1]:

F = Fdrag+ i Flift = iW

2

∮
(x − x∗)

dz

dw
dx.

The integrand here is identical to that in (5.18).
Observe that the integrand in (5.18) hasa new type of singularity at±1 that

is not of Gauss–Jacobi type. In fact, it can be shown that ifH(z) is the integrand,
thenH(z) = h(

√
z± 1) for an analytic functionh. By a change of variable,

though, we find that

∫ z

±1
H(ζ ) dζ =

∫ √
z±1

0
2ηh(η) dη,

which is now treatable by Gauss–Legendre quadrature.
All the computational essentials were implemented by Elcrat and

Trefethen in the FORTRAN package KIRCH1 [ET86], available from Netlib.
Examples of wake flows are shown in Figure 5.22.

Jet flows can be handled similarly. In this case, the flow is between two
semi-infinite polygonal walls, and the free streamlines bound the exiting jet of
fluid. The image of the flow region in thew-plane has two parallel slits instead
of just one slit, but this fact changes the details only slightly [DET87].

5.7 Mesh generation

In this small section we comment on the advantages, disadvantages, and possi-
bilities of SC maps in mesh generation. However, neither author is an expert in
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drag= 0.879802, lift= 0

(Kirchhoff [Kir69])

drag= 0.000575, lift= 2.266279

(Chaplygin & Lavrentiev, 1933;
see [Cha56])

drag= 0.162420, lift= 0.635514

(Elcrat [Elc82])

drag= 0.104148, lift= −0.627782

Figure 5.22.Examples of wake flows (data produced by program KIRCH1). At top
left, the drag is known to be exactly 2π(4+ π) = 0.87980169. . . . At top right, the
separation point is specified on the middle of the plate; at bottom left, it is at the tip of
the spoiler. At bottom right, the flow nonphysically crosses itself.

this large and well-developed field, so we urge the interested reader to consult
a text on mesh generation for a more complete discussion [Lis99, TSW99].

Letx andybe real variables in thephysical domain, and letξ andη beorthog-
onal real variables in a computational domain with trivial geometry (usually a
rectangle or disk). The goal of structured, boundary-conforming mesh genera-
tion is to describe a coordinate transformation(x(ξ, η), y(ξ, η)) that transplants
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a differential equation from the physical domain to a transformed version inξ

andη. The transformation may be written in differential form as
[

dx
dy

]
= J(ξ, η)

[
dξ

dη

]
,

whereJ(ξ, η) is the Jacobian matrix, which in general depends on location. An
orthogonal transformation is one for which

J =
[

h(ξ, η) 0
0 g(ξ, η)

] [
cosθ(ξ, η) −sinθ(ξ, η)

sinθ(ξ, η) cosθ(ξ, η)

]
.

From a partial differential equations viewpoint, the chief advantage of an or-
thogonal transformation is that no “cross terms” are introduced in the Laplacian
operator. (Although orthogonality is not as important as it once was, at least
near-orthogonality may still be useful.)

Aconformal transformation isanorthogonal transformation that additionally
satisfiesg = h; that is,

J = h(ξ, η)

[
cosθ(ξ, η) −sinθ(ξ, η)

sinθ(ξ, η) cosθ(ξ, η)

]
. (5.19)

In other words, the “metric” or stretching of the transformation does not depend
on the direction ofdζ = dξ + idη.3 In complex terms, if we definez = x +
iy and ζ = ξ + i η, then (5.19) is just a statement of the Cauchy–Riemann
equations.4

Conformal structure makes transplantation especially simple to describe.
For example, if we writez = f (ζ ), then the Laplacian operator transforms
according to

�z = | f ′(ζ )|−2�ζ . (5.20)

Moreover, Dirichlet and homogeneous Neumann boundary conditions are pre-
served under such a transplantation. In many contexts this fact implies that fast
Poisson solvers may be used to great advantage after transplantation toζ .

There are disadvantages to conformal methods, however. An inspection of
many of the figures in this book makes it clear that the size of equally spaced

3 According to Ives [Ive82], one of the motivations for using conformal mapping in the early years
of computational mesh generation was the economy of storing just one metric quantity at each
grid point.

4 For adelightfully clear anddetailedexaminationof theseconnections, inwhich (5.19) is described
as an “amplitwist,” see Chapter 4 of [Nee97].



108 5. Applications

cells in the computational domain can vary greatly and rapidly in the physical
domain (see in particular Figure 2.8). This variation makes a certain amount
of physical sense, at least in some contexts, but is undesirable in many appli-
cations. A particular problem with (5.20) in SC mapping is the presence of
singularities in f ′ due to the corners. As a mapping, the SC formula handles
corners elegantly and completely, but here they remain a significant challenge
in the computational domain. Finally, of course, conformal mapping is an in-
herently two-dimensional method, and much of the need for mesh generation
is in three dimensions.

Ives suggests that conformal maps are useful aspart of the mesh generation
process [Ive82]. For example, one can use a conformal map to find a bound-
ary correspondence between computational and physical regions, followed by
an algebraic or orthogonal (but not conformal) extension to the interior. This
type of mapping could allow more control over cell sizes than strict conformal
mapping. Ives also reported success in “stacking” orthogonal grids and con-
necting them orthogonally through a third dimension. We suspect, however,
that the role of SC mapping in mesh generation is not likely to expand in the
future.

5.8 Polynomial approximation and matrix iterations

Approximation in the complex plane is a highly developed subject (see [Wal64]
and [Gai87] for classic and modern references). In this section we point out
how SC maps can be used to actually construct one important tool, the Faber
polynomials, and we illustrate the connections between these and the major
computational field of iterative methods for solving linear systems.

Let D be a connected set in the plane with complementDc that is simply
connected in the extended plane (on the Riemann sphere). By the Riemann
mapping theorem, there exists a conformal map�(z) from Dc to the exterior
of the unit circle such that�(∞) = ∞. (See Figure 5.23.) Now� has the
Laurent expansion

�(z) = C−1(z+ a0 + a1z
−1 + a2z

−2 + · · · ), (5.21)

where|C| > 0 is the capacity ofD.5 The level curvesof D are the images
under�−1 of the circles of radiusR > 1.

WhenD is the interior of a bounded polygon, the SC exterior map described
in section 4.4 gives us access to�−1. If we letw = �(z), u = 1/w, and let f

5 Normally one determines� uniquely by requiringC > 0, but relaxing this condition allows us
to more easily match the discussion in section 4.4.
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z u w

f

Φ

Figure 5.23.Notation for the approximationdiscussion for simplyconnected regions.
The mapf is a Schwarz–Christoffel map.

be the SC disk-to-exterior map (see (4.6))

f (u) = A− C
∫ u

ω−2
n∏

k=1

(
1− ω

uk

)1−αk

dω, (5.22)

then�−1(w) = f (1/w) and|C| is indeed the capacity, as was pointed out in
section 4.4.

Referring again to (5.21), we see that the expansion of [�(z)]m has a leading
(analytic) polynomial part of degreem. This polynomialφm(z) is called the
Faber polynomial of degreem for the regionD. With an SC map we can find
the coefficients of the Faber polynomials [SV93]. We write

z = �−1(w) = Cw + b0 + b1w
−1 + b2w

−2 + · · · , (5.23)

dz

dw
= C − b1w

−2 − 2b2w
−3 − · · · . (5.24)

From (5.22) we also have

dz

dw
= −w−2 f ′(w−1) = C

n∏
k=1

(1− (wuk)
−1)1−αk

= C
n∏

k=1

(
1+ αk − 1

uk
w−1 + γk,2w

−2 + · · ·
)

,

whereγk,2 and higher terms can be found from the binomial theorem. We can
match this expression against (5.24); the residue condition (4.7) ensures that the
w−1 term indz/dw vanishes. This comparison determines all the coefficients
in the expansion (5.23) except the constant termb0, which can be estimated
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accurately by evaluatingf near the origin and subtracting off the known part
of the series. Finally, the Faber polynomials can be found from the recursion

φ0 = 1,

φ1 = 1

C
(z− b0),

φm+1 = 1

C

(
zφm − (b0φm + · · · + bmφ0) − mbm

)
.

The level curve|�(z)| = 1 is, of course, the boundary ofD. Faber poly-
nomials approximate powers of�; therefore, the lemniscates|φm(z)| = 1 ap-
proximate the boundary ofD. In fact, these curves tend to oscillate around the
boundary, as shown in Figure 5.24. Because the Faber polynomials have nearly
constant modulus on the boundary, by Rouch´e’s Theorem [Ahl78, Nee97] they
are “nearly minimax” onD. For example, whenD is the complement of a finite
interval, the Faber polynomials are just twice the Chebyshev polynomials. For
more on these topics, see [Cur71, Ell83], for example.

degree 12

degree 4

degree 16

degree 8

Figure 5.24.Level curves|φm| = 1 of Faber polynomials. Becauseφm ≈ �m, the curves
approximate the polygon. The re-entrant corner (with respect to the interior) is the last
to be resolved.
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These concepts have an important application in the area of Krylov subspace
methods for solving linear systems.TosolveAx = b, aKrylovsubspacemethod
finds a sequence of approximationsxm such that

b− Axm = pm(A)b,

wherepm is a polynomial of degreemcharacterizing themethod and satisfying
pm(0) = 1. The object is to make the residual norm‖b− Axm‖ small. This
quantity is linked to the size ofpm(z) on the spectrum ofA. Hence Krylov
methods are connected to polynomial minimax problems. If the spectrum is
well approximated byD, then the preceding map� above leads to an estimate
of the convergence rate of the Krylovmethod. Specifically, if 0�∈ D (the system
is nonsingular), then

lim
m→∞‖b− Axm‖1/m ≈ 1

|�(0)| . (5.25)

Furthermore, the Faber polynomials can be used to construct the polynomials
pm of the Krylov method, given an estimate of the spectrum [SV93]. A similar
approach using SCPACK was presented in [Li92]. For more aboutthe con-
nections between matrix iterations and complex approximation, see [DTT98,
Gre96, Nev93]. In particular, [DTT98] discusses six factors that affect the qual-
ity of approximation in (5.25). Examples of the use of SC maps to construct
and analyze matrix iterations include [DTT98, HKH94, Kos94, Li92, Sta93,
SV93].

If Dc is not simply connected, there is no analytic map� to the exterior of a
disk. However, we can make some progress in the case whereD is symmetric
about the real axis, as discussed in the next section.

5.9 Symmetric multiply connected domains

In this last section we consider the problem of finding the Green’s function in a
symmetric, multiply connected region—which, we shall see, is also a problem
of conformal mapping. As in section 5.2, we define the Green’s function forD
as the functiong(z) satisfying

�g(z) = 0 for z ∈ Dc,

g(z) → 0 for z → D,

g(z) ∼ log |z| for z → ∞.

The case in whichD consists of two disjoint intervals on the real axis was
investigated in the 1930s by Akhiezer, who used elliptic functions [Akh56]. For
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more than two such intervals, Widom [Wid69] derived results in 1969 using SC
maps. The case of intervals has applications to digital filtering [PM72, SSW01].

Following themethod outlined byWidom, Green’s functions for domainsD
consisting ofκ disjoint polygons symmetric about the real axiswere constructed
numerically by Embree and Trefethen [ET99]. The first step of their procedure
was to use symmetry to reduce the problem to that part of the exterior ofD
lying in the upper half-plane. The symmetry implies the Neumann condition
dg/dn = 0 for those portions of the real axis between components ofD.

This step reduces the problem to the type discussed in section 5.3. However,
Theorem5.2doesnotapply—in fact,wefind there that the integrandpolynomial
p is zero and that the solution is constant. This is indeed the only bounded
solution. TheGreen’s function, on theother hand, has log|z|behavior at infinity,
which requires the target geometry to extend infinitely to the right. As illustrated
in Figure 5.25, the correct target image is asemi-infinite strip withκ − 1 slits,
one for each of the real intervals between components ofD. The locations of
these slits must be chosen so that the vertical (Dirichlet) sides all line up. This
configuration is still a linear problem of dimensionκ − 1; full details of the
process and its applications appear in [ET99].

Twomore examples, of connectivity three and five, are shown in Figure 5.26.
The second of these examples seems quite remarkable, in that one level curve
self-intersects at four points. This featwasaccomplishedbyadjusting the spaces
between the squares, which have widths 1, 2, 3, 4, and 5. Since the overall scal-
ing is arbitrary, three gaps need to be determined by solving three nonlinear
equations derived from the geometric condition that all slits in the analog of
the middle picture of Figure 5.25 have the same length. This description is an
example of a generalized parameter problem (section5.5).

In section 5.8 we used the map� from the exterior of a simply connected
D to the exterior of the disk. For a symmetric multiply connectedD, we may
define�(z) = eG(z), whereG is the map fromDc to the slit strip (i.e., ReG
is the Green’s function). Now� maps half ofDc to half of a “spiked disk,”
as illustrated in Figure 5.25. The spikes are images of the segments of the real
axis between components ofD. Upon reflection across the real axis, we can
continue� to the exterior of a full spiked disk. However, we can continue the
map just as well by reflecting across the spikes. This implies that� must be
multivalued in the full domain (i.e., it is a conformal map of a Riemann surface
lyingaboutDc to theexterior of the spikeddisk). However, thismultivaluedness
does not affect|�| (after all, the Green’s function ReG is unique), and we can
meaningfully draw level curves in the disk domain.

Furthermore,westill find that|z/�(z)|converges to thecapacityofD asz →
∞, and the asymptotic Krylov convergence factor in (5.25) is still appropriate.
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Figure 5.25.Finding the Green’s function for a symmetric multiply connected region.
Using symmetry, half of the region (top, exterior of shaded polygons) is mapped, via
a standard plus a linear parameter problem similar to that in Theorem 5.2, to a semi-
infinite slit strip (middle). The Green’s function is the real part of this map. The strip
can be exponentiated to give half of a spiked disk (bottom), which can be continued (in
a multivalued way) by reflection.Three level curves of the Green’s functionare drawn
in each domain.
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Figure 5.26.Examples of Green’s functions for domains of connectivity three and five.
Level curves are shown for each region. In the bottom picture, the gaps between squares
were determined by solving a generalized parameter problem in order to make the four
self-intersections occur.

One can also find theharmonic measureof each component ofD with respect
to the point at infinity. This quantity, which can be interpreted as the proportion
of a minimal-energy charge distribution overD on each component, is simply
given by the relative angles between spikes (and the real axis) in Figure 5.25.
Moreover, it is possible using� to generate good polynomial approximations
to any analytic function defined on each component ofD—not just the zero
function as in the minimax problem.In digital filters, one can use this idea
to define one component as a “pass band” and another as a “stop band,” for
example. For more see [ET99, SS99, SSW01].



APPENDIX
Using the SC Toolbox

Most of the figures in this book were produced using the SC Toolbox for
MATLAB. 1 This software is in the public domainand is available (at the time
of this writing) from

http://www.math.udel.edu/~driscoll/SC/

The toolbox is capable of half-plane and diskmaps, exterior maps (section 4.4),
strip maps (section 4.2), rectangle maps (section 4.3), and disk maps using the
cross-ratio formulation (section 3.4). By tinkering with the provided routines,
it is not too hard to producemaps to gearlike regions (section 4.8) and Riemann
surfaces (section 4.7). Other variations and applications require more extensive
programming efforts.

The toolbox defines polygons and the maps to them as named objects. Once
created, these objects can bemanipulated by using of commonMATLAB func-
tions and notations that have been extended to understand them. The main
examples are

plot(p), plot(f) Plot polygonp or mapf.
eval(f,zp) or f(zp) Evaluate mapf at point(s)zp.
evalinv(f,wp) or Evaluate the inverse off at point(s)wp.
fi=inv(f);fi(wp)

The user may also examine and extract the data defining these objects and call
low-level routines.

1 Version 2.1 of the SC Toolbox and versions 5.2–6.0 of MATLAB. The first author hopes to
maintain compatibility with future versions of MATLAB indefinitely. MATLAB is a registered
trademark of The Mathworks, Inc., which has no affiliation with or responsibility for the SC
Toolbox.

115
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Apolygon is createdeither froma list of its vertices (and its angle parameters,
if it is unbounded) or from an interactive drawing using the functionpolyedit.
The drawing program understands infinite vertices and allows points to be
snapped to a grid or angles and side lengths to be quantized.

Given a polygon, one can construct amap to a region defined by it. The func-
tions that accomplish this are named partly based on the canonical domain
and map type and always ending with the lettersmap. These functions set up
numerical quadrature data and solve the appropriate parameter problem using
side lengths (section 3.1) or cross-ratios (section 3.4).

All themajor toolbox functions can be accessed either by the command line,
for maximum control and repeatability, or by a graphical user interface (GUI)
activated by typingscgui at the prompt. The GUI gives the user access to
virtually all of the toolbox’s capabilities without any knowledge of MATLAB
programming or syntax.

A user’s guide is distributed with the toolbox and always has the most up-
to-date information on its usage. In the following pages we show how some of
the figures in this book were produced. (We omit purely cosmetic changes such
as setting the thickness of curves.)

p = polygon([1+i,-1+i,-1-i,1-i]);

f = diskmap(p);

f = center(f,0);

plot(exp(i*linspace(0,2*pi,180)));

hold on, axis equal

[X,Y] = meshgrid((-4:4)/5,...

(-100:100)/100);

plot(evalinv(f,X+i*Y),‘k’)

[X,Y] = meshgrid((-100:100)/100,...

(-4:4)/5);

plot(evalinv(f,X’+i*Y’),‘k’)

(Figure 1.4)

p = polygon([i,-i,Inf],[3/2,1/2,-1]);

f = hplmap(p);

axis([-3 3 -1.5 4.5]), hold on

plot(f,0.7*(-10:6),0.7*(1:12))

(Figure 2.10)
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p = polygon([-4-i,4-i,4+i,-4+i]);

f = diskmap(p);

f = center(f,0);

plot(f,0.2*(1:4),angle(prevertex(f))) (Figure 2.13)

w = [Inf,-1-i,-2.5-i,Inf,2.4-3.3i,...

Inf,2.4-1.3i,Inf,-1+i,-2.5+i];

alf = [0,2,1,-.85,2,0,2,-1.15,2,1];

p = polygon(w,alf);

f1 = stripmap(p,[6 8]);

f2 = stripmap(p,[4 8]);

axis([-4.3 5.7 -6.15 3.85]), hold on

plot(f1,0,8)

pause, cla

plot(f2,0,8)

(Figure 4.6)

p = polygon([-5-i,-5-3i,5-3i,...

5+i,5+3i,-5+3i]);

f = rectmap(p,[1 2 4 5]);

plot(f)
(Figure 4.8)

p = i*polygon([-0.5,1-1.5i,-0.5,0.5+2i]);

f = extermap(p);

axis([-3.05 2.8 -2.3 2.5]), hold on

plot(f,(4:9)/10,0)

(Figure 4.10)
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f = rectmap(drawpoly);

r = rectangle(f);

M = pi/max(imag(r));

a = exp(min(real(r))*M);

b = exp(max(real(r))*M);

rad = log(linspace(a,b,8))/M;

plot(f,rad(2:end-1),6);

H = copyobj(get(gca,‘child’),gca);

for n=1:length(H),

set(H(n),‘xdata’,-get(H(n),‘xdata’))

end

set(H,‘linesty’,‘--’), axis auto

(Figure 4.14)

p = polygon([1+i,1+2i,Inf,-.705+.971i,...

Inf,-1-i,Inf,.705-.971i,Inf],...

[2,1,-.3,2,-.7,2,-.3,2,-.7]);

f = center(diskmap(p),0);

axis(5.5*[-1 1 -1 1]), hold on

h = plot(f,0.7:0.05:0.95,0);

for n=1:length(h)

w = (get(h(n),‘xd’) + i*get(h(n),‘yd’));

set(h(n),‘xd’,real(1./w),‘yd’,imag(1./w))

end

h = findobj(gca,‘color’,[0 0 1]);

for n=1:length(h)

w = get(h(n),‘xd’) + i*get(h(n),‘yd’);

if abs(w(1)) > abs(w(2)), w=w([2 1]); end

u1 = w(1) + linspace(0,2*diff(w),100);

u2 = w(1) + linspace(2*diff(w),100*diff(w),100);

plot(1./[u1 u2]);

end

delete(h)

axis auto

(Figure 4.16)
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p = polygon([i 0 2 2+i]);

theta = [1/2 1/6 1/2 1/6];

f1 = hplmap(p);

thetas = theta([end 1:end-1]);

alf = -mod(theta-thetas,1)+1;

f2 = hplmap(prevertex(f1),alf,i);

Q = polygon(f2); w = vertex(Q);

m = min(imag(w)); M = max(imag(w));

a = max(real(w)); t = [.01 1:99 99.99]/100;

plot(p), hold on

[X,Y] = meshgrid((1:15)*a/16,t*m);

plot(f1(evalinv(f2,X+i*(Y+M*X/a))),‘k’)

[X,Y] = meshgrid(t*a,(1:15)*m/16);

plot(f1(evalinv(f2,X’+i*(Y’+M*X’/a))),‘k’)

(Figure 5.15)

f = extermap(drawpoly);

phi = faber(f,8);

[x,y] = meshgrid(linspace(-4,4,80));

w = polyval(phi{9},x+i*y);

contour(x,y,abs(w),[1 1]);

hold on

plot(polygon(f)) (Figure 5.24)
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